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Concavity and Inflection Points: For every x lying in an interval [a, b], the graph
of a function f is:

1. concave up if f 00(x) > 0 ,
2. concave down if f 00(x) < 0 .

A point on the graph at which the concavity changes is called an inflection point.

Example 1. Find the inflection points and graph the function y = x3 � 3x + 2 of
Example 2 from the previous lecture.

 

Find Tsecondderivative
y 322 3

y 62

Put y o

62 0 2 0

Draw number line and locate 2 0

Then find whether the sign of 9 changes about 2 0

y 6k

f is concavedown f is concave up here
here

Since 9 does change sign about 2 0 it is an
inflection
point

Fr T Tdmp of previous lecture we have
2 1 is max point and 2 1 is min point
max value f 1 C 1 3C 1 2 4
min value f i 13 3 1 2 0

Grain

fihie foffI
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Second Derivative Test:
1. Find the critical numbers of f . Suppose c is a critical number.
2. Find f 00(c).

(a) If f 00(c) > 0 then f (c) is a minimum value and
�
c, f (c)

�
is a minimum

point.
(b) If f 00(c) < 0, then f (c) is a maximum value.
(c) If f 00(c) = 0, then the test fails and

�
c, f (c)

�
may be a relative minimum

or a relative maximum or neither.

Example 2. Test the function f (x) = x3 � 3x for extreme values.

Find the 2ⁿᵈ derivative of f
f a 322 3

f x 62
Find critical numbers by solving m 0

322 3 0 322 3 x2 I 2 11
we have two critical numbers 2 1 2 1

For each critical number cg find f c

f 1 GCD 6 2 1 is a minimum Pt

f C 1 GED 6 D 1 is a maximum Pt

Find the max and min values

Max value fC 1 13 36 1 2

Min value f 1 1
3
3 1 2
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Procedure for Curve Sketching:
1. Find all critical numbers.
2. Test the critical numbers for relative extremal points.

(a) Use the second derivative test.
(b) If the second derivative test fails, use the first derivative test.

3. Use the second derivative test to determine intervals where graph of f is con-
cave up and where it is concave down.

4. Determine the points of inflection.
5. Find any easily determined intercepts.
6. Plot the critical points, inflection points and intercepts.
7. Sketch an approximate curve.

Example 3. Sketch the curve y = x3 � 3x .

1m
Infection

Ptsgysoaint.hn
can be

x o 9 int
morethen

atmoste

minimum Pt at 19 2
Maximum Pt at 1,2
f ex Gr e 1

Congdon 0 Concave up
Inflection Pt at 0,0

also y int

flx 23 32
07T.tnii ts
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Example 4. Sketch the curve y = x4 + (4/3)x3 .

y Use use 4x 2 1

critical numbers 91 0 x 2 1 0
221

1 y 11 41172 1 1 89121
11 2 1

y 1 4 1 1

2 1 is a Pt of minima f 1 1 1 1 173

1 3 is a min Pt 1 43

4 12 2
8h Use 3x 2 4 3 2 0

2 0 or 2 3
Tonite Eat insane 0 0 and

mep13 3 3
133 3 1 13I.tt a a3 0

23 2 1,1 0 2 0 or 2 7 1,0

ftpt I
11
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Example 5. Sketch the curve y =
x

p
x � 1

.
Domain 190

Maxmin Pts y 1217151 r 1 11
17 1

T.IE fFi
I.id

Left ill2 a min Pt I21 1 2,1
min Pt

2727
Intents y EE281 dt
e.DE I d n

df4 2 1 3

infinite us L Iijima
No interests

Ifffffffe
gift

r i s

v
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Example 6. Sketch the curve y = (x � 2)2/3 .

Mixes y 3 2 2
1

3 x 25

3 25 Y 2 I

4minpt 2,0 is a min.pt

so at 2 2

Inflectionets y In 3 2 25

3 1 25 x 255

1940 9 0
92422534

2
Always concave down

Intercepts y a 253
2 2

3
0 a 2 0 2 2

If n 0 yo 0 2 3

a 52 JT

757
9290
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Example 7. Sketch the curve y = x +
1
x

.

minmore Pts y 1 221 4 111
critical Pts 41 0 2221 0 221 0

x 1
y 10 22 0 x 0

1,2 is a min Pt
1 2 is a max Pt

Inflection Pts y y is never zero

andy In if x 0

conf tongues se 0 is an inflection Pt
but its not in the domain

Intercepts 8 No y int since 0 not in domain
0 221 o 231 0

No realsolns
No x int

4
TEY

e

5


