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1. Lines in Two-Dimensional Space

Problem 1: Describe and sketch all possible types of intersections of two lines in R%. Give
equations of a pair of lines that illustrate each type of intersection.

Solution:
y
10
5
L L L L X
-4 -2 X+2y=1
2x+y=1
Figure 1: Unique Solution: A pair of line intersecting at a point
y
6
4
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L L L . L L X
-4 -2 2 4
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x+y=1
-4 2x+2y=2

Figure 2: Infinite Solutions: A pair of coinciding lines
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-4 -2 2 4
2
X+y=2

-4 x+y=1

Figure 3: No Solution: A pair of parallel lines
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Problem 2: On one page graph all of the the lines below. Then for each pair in the list
eliminate a variable to determine if the pair define the same line, are parallel or intersect at
one point. If a pair intersects at one point, find the point.

1. 3x —2y =4
2. 2045y =7

3. —6x + 4y = —2

4. 9r — 6y = 12
5. 8¢ — 3y = 5.
Solution:
y
8x-3y=5
-6x+4y=-2
Ix-6y=12
3x-2y=4
3 Y X ox4By=7
-5
-10

Consider the pair 3z — 2y = 4 and 2z + 5y = 7:-
The lines intersect at the point (34/19,13/19).

Consider the pair 3z — 2y = 4 and —6z + 4y = —2:-
The lines do not intersect at all and hence are parallel.

Consider the pair 3x — 2y = 4 and 92 — 6y = 12:-
The lines coincide with each other and hence both the equations have infinitely many solutions.

Consider the pair 3z — 2y = 4 and 8x — 3y = 5:-
The lines intersect at the point (—2/7,—17/7).

Consider the pair 2z 4+ by = 7 and —6z + 4y = —2:-
The lines intersect at the point (1,1).

Consider the pair 2z 4+ 5y = 7 and 9x — 6y = 12:-
The two given lines intersect at (34/19,13/19).

Consider the pair 2z + 5y = 7 and 8z — 3y = 5:-
The two given lines intersect at the point (1,1).

Consider the pair —6x + 4y = —2 and 9z — 6y = 12:-
The lines do not intersect at all and hence are parallel.

Consider the pair —6x + 4y = —2 and 8z — 3y = 5:-
The given lines intersect at the point (1,1).

Consider the pair 9z — 6y = 12 and 8z — 3y = 5:-
The two given lines intersect at the point (—2/7,—17/7).
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Problem 3: Describe and sketch all possible types of intersections of three lines in R?. Give
equations of a triple of lines that illustrate each type of intersection.

Solution: We have the following 7 cases:-

y

10+ 6x-3y=1 10+ 6x-3y=1
5- 5
X I x
x+2y=1 2 4
8x+4y=4
Zxay=1 2x+y=1

(b) Line intersecting two Coinciding Lines

Figure 4: Unique Solution

\ o v 15}
5/ s 6x-3y=1
x+2y=8 5F
. . ¥
2 4
. . . . ¥

-4 -2 2 4 2x+y=8
_5[
2x+y=1 _10 2x+y=1
(a) Lines Forming a Triangle (b) Two Parallel Lines and a Transversal
Figure 5: No Solution
y
20} "
20+

1ol 15)
10|
\ L L X
-4 -2 \ 2x+y=8 5
‘ ‘ ‘ ‘ X
_100 2x+y=1 -4 -2 2 4 2x+y=8
-5¢ 8x+4y=4

2x+y=-8 -
-20L 4 —_10¢ 2x+y=1

(a) Three Parallel Lines (b) Two Coinciding and One Parallel

Figure 6: No Solution

y
10+
5 L
. X
-4 -2 2 4
-5l -6x-3y=-3
8x+4y=4
_10l 2x+y=1

Figure 7: Infinitely Many Solutions: Three Coinciding Lines
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Problem 4: Eliminate variables to determine if each triple of lines in the list above, intersect
or do not intersect. If a triple intersects at one point find the point.

Solution:

3r—2y=4,2x+5y="7,—6r +4y=-2 — Do not intersect: Two parallel, one transversal
3r—2y=4,2c+5y="7,9xr — 6y =12  — Line intersecting two coinciding lines at (34/19,13/19)
3v—2y=42x+5y="7,8c -3y =5 — Do not intersect: Form a triangle

v —2y=4,—6zx+4dy=-29z -6y =12 — Do not intersect: Two coinciding, one parallel

3v —2y=4,—6xr+4y=-2,8r—-3y=95 — Do not intersect: Two parallel, one transversal
3r—2y=4,90 — 6y =12,8c —3y =5 — Line intersecting two coinciding lines at (—2/7,—17/7)

20 +5y="7,—6xr+4y = —2,9r — 6y =12 — Do not intersect: Two parallel, one transversal

20+ 5y =7,—6x+4y=-2,8t—3y=5 — Concurrent Lines intersecting at (1,1, 1)
20+ 5y="7,9r -6y =12,8r -3y =5  — Do not intersect: Form a triangle

—6x +4y=-29r—6y=12,8r—3y=5 -— Do not intersect: Two parallel, one transversal
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2. Planes in Three-Dimensional Space

Problem 1: Describe and sketch all possible types of intersections of two planes in R3.

Solution:

Figure 8: Two Coinciding Planes

Figure 9: Two Parallel Planes

Figure 10: Two Planes Intersecting in a Line
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Problem 2: Eliminate variables to determine if each pair of planes in the list below, define
the same plane, intersect in a line or do not intersect. If the pair intersects in a line find
parametric equations for the line of intersection.

1. 32 —2y+ 2 =2
2. 204y —2=2
3. —x+3y+22=4
4. 4o +2y — 2z =4

5. —br +4y — 2z = -2

Solution: For all the pairs, eliminate x.

Consider the pair 3z — 2y +z=2and 2z +y — 2 = 2:-
The parametric equation of the line of intersection is |z = (6 +1)/7, y = (2 +5t)/7, z = t|.

Consider the pair 3x — 2y + z = 2 and —x + 3y + 2z = 4:-
The parametric equation of the line of intersection is ’x =2—-t,y=2—1t, 2= t‘.

Consider the pair 3z — 2y + 2z = 2 and 4x + 2y — 22 = 4:-
The parametric equation of the line of intersection is |z = (6 +1)/7, y = (2 +5t)/7, z = t|.

Consider the pair 3x — 2y 4+ z = 2 and —6z + 4y — 2z = —2:-
The given planes \do not intersect \ at all and hence are parallel.

Consider the pair 2z +y — 2 =2 and —z + 3y + 2z = 4:-
The parametric equation of the line of intersection is |z = (2 + 5t)/7, y = (10 — 3t)/7, z =t |

Consider the pair 2x +y — 2z = 2 and 4x 4+ 2y — 2z = 4:-
The given two planes with each other.

Consider the pair 2x +y — 2z = 2 and —6x + 4y — 2z = —2:-
The parametric equation of the line of intersection is |z = (5 +1)/7, y = (4 + 5t)/7, z = t|.

Consider the pair —x 4+ 3y + 2z = 4 and 4z + 2y — 2z = 4:-
The parametric equation of the line of intersection is |x = (24 5t)/7, y = (10 — 3t) /7, z =t |.

Consider the pair —z 4+ 3y + 22 = 4 and —6x + 4y — 22 = —2:-
The parametric equation of the line of intersection is|x = (11 — 7t) /7, y = (13 = 7t)/7, z = t|.

Consider the pair 42 4+ 2y — 2z = 4 and —6z + 4y — 2z = —2:-
The parametric equation of the line of intersection is ‘ r=(5+1t)/T, y=(4+5t)/7, 2=t ‘

Problem 3: Eliminate variables to determine if each triple of planes in problem 2, define the
same plane, intersect in a line, intersect in one point or do not intersect. If the triple intersects
in a line find parametric equations for the line of intersection. If the triple intersect at one
point find the point.

Solution: Consider the triple 3x —2y+2=2,2x+y — 2 =2, —xv + 3y + 22 = 4:-
The given triple of planes intersect at a unique point | (1,1,1)|.

Consider the triple 3x —2y+2=2,20+y— 2 =2, 4o + 2y — 2z = 4:-

The given triple intersects in a line whose parametric equationis|z = (6 +t)/7, y = (5 + 2t)/7, z = t|.
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Consider the triple 3x —2y+2=2,20+y — 2 =2, —6x + 4y — 22 = —2:-
The given triple | do not intersect |.

Consider the triple 3x — 2y + 2 =2, —v + 3y + 22 =4, 4o + 2y — 2z = 4:-
The given planes intersect at a unique point |(1,1,1)|.

Consider the triple 3x — 2y + 2 =2, —x + 3y + 2z =4, -6z + 4y — 22 = —2:-
The given planes |do not intersect .

Consider the triple 3x — 2y + 2 = 2, 4o + 2y — 22 =4, —6x + 4y — 22 = —2:-
The given planes \do not intersect \

Consider the triple 2z +y — 2 =2, —x + 3y + 22 =4, 4o 4+ 2y — 2z = 4:-
The given planes intersect in a line |z = (24 5t)/7, y = (10 — 3t) /7, z =t |.

Consider the triple 2x +y — 2 =2, —x 4+ 3y + 22 =4, —b6x + 4y — 22 = —2:-
The given planes intersect at the point |(23/28,31/28,3/4)|.

Consider the triple 2o +y — 2 =2, 4o + 2y — 22 = 4, —6x + 4y — 22 = —2:-

The given planes intersect in a line whose parametric equationis|z = (5 +t)/7, y = (44 5t)/7, z = t|.

Consider the triple —x + 3y + 22z =4, 4o + 2y — 22 =4, —b6x + 4y — 22 = —2:-
The given planes intersect at the point |(23/28,31/28,3/4)|.

Problem 4: Use the parametric equations for the line of intersection of the planes (1) and
(2) in problem 2 to find the intersection of this line with the planes defined by (3), (4) and
(5). Compare this with the answers in problem 3 you obtained by eliminating variables.

Solution: The parametric equation for the line of intersection of planes (1) and (2) is
r=(6+1)/7,y=(2+5t)/7, z=t.

Intersection with plane (3) —x + 3y + 2z = 4:-
—(64+1)/T+3(245t)/T+2 =4 =28t =28 >t =1=2=(6+1)/T=1y=(24+5)/7 =1,
z = 1. Thus, planes (1), (2), (3) intersect at the point (1,1,1).

Intersection with plane (4) 4z + 2y — 2z = 4:-
46 +1)/7T+2(2+5t)/7T—2t =4 = 0 = 0. Thus, planes (1), (2), (4) intersect in the line
r=(6+1)/7,y=(2+5t)/7, z =t.

Intersection with plane (5) —6x + 4y — 2z = —2:-
—6(6+1t)/7+4(2+5t)/7—2t = —2 = 0 = 2. Thus, the planes (1), (2), (5) do not intersect.
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3. Matrices and Elementary Row Operations

Problem 1: For each pair of equations in problem 2, section 1 (Lines in two-dimensional
space), write down the associated augmented matrix, the coefficient matrix and the constant
vector.

Solution: For the pair 3x — 2y = 4, 2x 4+ by = 7 the augmented matrix, the coefficient matrix
and the constant vector are respectively:-

T

For the pair 3x — 2y = 4 and —6z + 4y = —2 the augmented matrix, the coefficient matrix
and the constant vector are respectively:-

A et R Ly B!

For the pair 3z — 2y = 4 and 9z — 6y = 12 the augmented matrix, the coefficient matrix and
the constant vector are respectively:-

b lel - bS] L

For the pair 3z — 2y = 4 and 8x — 3y = 5 the augmented matrix, the coefficient matrix and
the constant vector are respectively:-

e e R

For the pair 2x 4+ 5y = 7 and —6z + 4y = —2 the augmented matrix, the coefficient matrix
and the constant vector are respectively:-

R R I e R

For the pair 2z + 5y = 7 and 9x — 6y = 12 the augmented matrix, the coefficient matrix and
the constant vector are respectively:-

R I i

For the pair 2z + 5y = 7 and 8z — 3y = 5 the augmented matrix, the coefficient matrix and
the constant vector are respectively:-

SR
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For the pair —6x + 4y = —2 and 92 — 6y = 12 the augmented matrix, the coefficient matrix
and the constant vector are respectively:-

[t ] R P B P

For the pair —6x + 4y = —2 and 8z — 3y = 5 the augmented matrix, the coefficient matrix
and the constant vector are respectively:-

T I P B

For the pair 9z — 6y = 12 and 8z — 3y = 5 the augmented matrix, the coefficient matrix and
the constant vector are respectively:-

I I

Problem 2: For each triple of equations in problem 2, section 2 (Planes in three-dimensional
space), write down the associated augmented matrix, the coefficient matrix and the constant
vector.

Solution: For the triple 3o — 2y + 2 = 2, 2v +y — 2 = 2, —v + 3y + 2z = 4 the augmented
matrix, the coefficient matrix and the constant vector are respectively:-

3 =2 1 |2 3 =2 1 2
2 1 —-1]2 , 2 1 -1 , 2
-1 3 2 |4 -1 3 2 4

For the triple 3x — 2y + 2 =2, 20 +y — 2z = 2, 4x 4+ 2y — 22 = 4 the augmented matrix, the
coefficient matrix and the constant vector are respectively:-

3 -2 12 3 -2 1 2
2 1 —1]2| , |2 1 =1 , |2
4 2 —2|4 4 2 -2 4

For the triple 3z — 2y +2 =2, 2x +y — 2 = 2, —6x + 4y — 22 = —2 the augmented matrix,
the coefficient matrix and the constant vector are respectively:-

3 -2 1] 2 3 -2 1 2
2 1 —1]2| , |2 1 =1 , |2
6 4 —2|-2 6 4 -2 —2

For the triple 3z — 2y + 2 = 2, —x + 3y + 22 = 4, 4o + 2y — 2z = 4 the augmented matrix,
the coefficient matrix and the constant vector are respectively:-

3 -2 112 3 -2 1 p
1 3 204/ , |-t 3 2| , |4
4 2 24 4 2 -2 4
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For the triple 3z — 2y + 2 =2, —x 4+ 3y + 2z = 4, —6x + 4y — 22 = —2 the augmented matrix,
the coefficient matrix and the constant vector are respectively:-

3 -2 112 3 -2 1 2
-1 3 24| , |-1 3 2| , |4
—6 4 —2|-2 —6 4 -2 -2

For the triple 3z — 2y + 2 = 2, 4o + 2y — 22 = 4, —6x + 4y — 2z = —2 the augmented matrix,
the coefficient matrix and the constant vector are respectively:-

3 —2 1|2 3 -2 1 2
4 2 =204 , |4 2 =2 , |4
6 4 —2|-2 —6 4 -2 —2

For the triple 2x +y — 2 =2, —x + 3y + 22 = 4, 40 + 2y — 2z = 4 the augmented matrix, the
coefficient matrix and the constant vector are respectively:-

2 1 —1]2 2 1 -1 2
~13 24| , |[-13 2| , |4
4 2 —24 4 2 2 —2

For the triple 2x +y — 2 = 2, —2 4+ 3y + 22 = 4, —6x + 4y — 22 = —2 the augmented matrix,
the coefficient matrix and the constant vector are respectively:-

2 1 —1| 2 2 1 -1 2
~13 24| , |-13 2| , |4
—6 4 —2| -2 —6 4 —2 —2

For the triple 2z +y — 2 = 2, 4o 4+ 2y — 22 = 4, —6x + 4y — 22 = —2 the augmented matrix,
the coefficient matrix and the constant vector are respectively:-

2 1 —1] 2 2 1 -1 2
4 2 =20 4| , |4 2 —2| , |4
—6 4 —2|-2 —6 4 -2 —2

For the triple —x +3y+22z =4, dv 42y — 2z = 4, —6x + 4y — 22 = —2 the augmented matrix,
the coefficient matrix and the constant vector are respectively:-

-1 3 2|4 -1 3 2 4
4 2 =20 4| , |4 2 —2| , |4
—6 4 —2|-2 —6 4 -2 —2

Problem 3: Determine which of the following matrices are in reduced row-echelon form.

Solution:

1 2 1 3 10 0 0
[1 0]—>No [0 1}—>No [0 1]—>Yes [1 1}—)No
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2 0
0 J — No

e |

2 8
“ >
. 1
AN O o — O
— o O N O O
— O O — o O
| S [ I |
o o
Z. Z.
I 1 I 1
S O S — AN
— - O S -
_100_ _010_
o n
<]
z =
T 1 |
— AN O — O
— — O o — O
_100_ —_ o O
— — 1

Math 171 Basic Linear Algebra, Bruce Kitchens

] — Yes

N O O

— AN O

— - O

— O O

[1 0 % x
0 1 * =«
0 00O
0010
0 0 01
00 0O
00 0O
00 0O
00 0O

0

0 1 0 0
0010
0001
0 1 =«
0001
0000
[0 0 0 1
0000
0000

1 = 00
0010
00 01
1 0
0 0 01
0 00O
0 0 1 =«
00 00O
0000

*
*

[1 0 %« 0
01 = 0
00 01
01 0 =
0 0 1

00 00
0 1 =

0 00O
0 00O

*
*

1 0 0 =
01 0 =
0 0 1 =
*

0 0 1

00 00
1 * *x x*
00 00
00 00

Problem 4: There are 15 leading 1 patterns for 3 x 4 matrices in reduced row-echelon form.

Write down all of them.

Solution:
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4. Gaussian Elimination

Problem 1: Use Gaussian elimination to put the following matrices in reduced row-echelon
form.
33 —4 —2]1
1. {2 2 =3 113
11 -2 4|5
Solution:
33 -4 2|1 1] 1 -2 45 1] 1 -2 415
2 2 —3 1 |3| B0 o 3 1 |3 2B g 1 7|7
11 -2 5 3 3 -4 —2|1 3 3 —4 —2| 1
RRR1—24 5RR2R10—10—9
SRS 0 0 1] 7| -7 s 0 0 [1] -7 | -7
0 0 2 —14|-14] 777 0 0 0 0|0
2 3 3 —1]3]
2. 111 =2 3|4
5 7 4 1|5
Solution
- e - -

3 3 1331%21 23432932_2311 2 3 | 4
11—234—>233—13m>07—7—5
5 7 4 1|5 5 7 4 1|5 TP lo 2 14 —14|—15

10—9109R(1/5)R0—9109
_ e
SR o (1] 7 75| T 0 [ 7 -7 =5
—hz—2h2
e 0 0 0 0|5 0 0 0 0 |[1]
1] 0 -9 100
R1—>R1—9R307_7O
Ro—Ro+5R3
0 0 0 o0 |[[1]
2 —4] 6
3. -2 3 [-3
3 715
Solution:
2 —4 1] -2 3 1] -2 3 (1] -2 3
—2 3 | -3 BEEERL |y g | | MR, G g g | Ry g 1] 3
3 715 37 |5 T Lo 13| —4 0 13 |—4
10—R(1/35)R0—3 1] oo
1—R1+2Rs - 1— R
Ry |0 M| -3) == 0 []) =8| T2 1o [1]) 0
TR0 035 o o |[1]] T Lo o |[1]
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2 —4 68
4. 13 7 5|3
1 -1 1719
Solution:
2 -4 6|8 (1] -2 3|4 (1] —2 3| 4
3753%3753%013—4—9
—1 -1 17|19 —1 —1 17|19] 7T Lo -3 20|23
a1 -2 3 4 ] o an 0 31/13 | 34/13
ﬁ.
2 o ~4/13 | 9/13| ——= 2 | 0 —4/13 | —9/13
0 -3 20 23 | TR Lo 0 248/13 | 272/13
R 13/248) R, 0 31/13 34/13- Ri1—R 31/13)R 0 0 0
i S/A L LENS —4/13| —9/13 ;;(4/13;% 0 0| -11/13
0 0 34/31 | TR g 34/31

-3 -6 9 6 -12|-3
5. |2 5 -8 -1 6 4
1 2 -3 -2 4 1

Solution:
-3 -6 9 6 —12|-3] 2 -3 -2 4 |1
29 5 -8 -1 6 | 4| BeBlS 5 8 1 6 |4
1 2 -3 —2 4 |1 -3 6 9 6 —12|-3

11 2 -3 —2 4|1 L |01 =8 83
emi=2B T g 0 0 o O 0 o0 0 o010




Math 171 Basic Linear Algebra, Bruce Kitchens Solutions by Keshav Dahiya, Page 14

5. Reduced Row Echelon Matrices and Solution Sets

Problem 1: Use elementary row operations to put each matrix from problem 1, section 3
(Matrices and elementary row operations), in reduced row-echelon form. Use this to write
down the solution set and compare the answer to the ones you obtained in problem 2, section
1 (Lines in two-dimensional space).

Solution: For the pair 3x — 2y = 4, 2z + 5y = 7 we have

3 —2]4] ri-am)m ~2/3|4/3] RemRo—2Ry —~2/3| 4/3
{2 57] [’ 5 7 "0 19/3|13/3

Ra—(3/19)Ra —2/3| 4/3 P Ryt (2/3) R, 34/19
_—

0 13/19 I 39/19
T
Ty

34 13
Both z and y are basic variables. The solution set is thus the single point ( 191 9>

Problem 2: Use elementary row operations to put each matrix from problem 2, section 3
(Matrices and elementary row operations), in reduced row-echelon form. Use this to write
down the solution set and compare the answer to the ones you obtained in problem 2, section
2 (Planes in two-dimensional space).

Solution: For the triple 3x — 2y + 2 =2, 2v +y — 2 = 2, —x + 3y + 22 = 4 we have

3 =2 1 (2] L —2/3 1/3]2/3 - —2/3 1/3 | 2/3
-1 3 2 |4 —1 3 2 | 4| TR Ao 730 7/3 |14/3

1] —2/3 1/3 | 2/3 1] 0o —-1/7|6/7
R1—>R1+(2/3)R2
0 57| 2/T| ————= 10 —5/7(2/7
0 7/3 7/3 |14/3| TRk 0 4 | 4
0

R, 1/4)R 0 _1/7 6/7 Ri—R 1/7)R
3—(1/4)R3 0 _5/7 2/7 R1—>R1-|—(5/7)R3
0 0 1 >—Ro+(5/7)R3

R2—>(3/7)R2
.

—_ = =

8 - ook @
—>H©O

@—)oH

N

All the variables z, y and z are basic. The solution set is thus the single point (1, 1,1).

Problem 3: For each reduced row-echelon matrix obtained in problem 1, section 4 (Gauss-
ian elimination), write down the solution set for the system of linear equations associated to
the original matrix.
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1 0 —10]-9

Solution: (1) The reduced row-echelon form obtained was | 0 0 =71 =7
00 0 0 1]0
T T T

Ty To Ty X4
The variables x; and z3 are basic while the variables z9 and x4 are free.
So we let 9 = s, x4 =t where s, t € R.
The second row gives x3 — 7oy = —7 = 13— Tt = -7 = 13 = -7+ Tt.
The first row gives 1 + 29 — 1024 = -9 = 21+ s — 10t = =9 = 21 = -9 — s + 10¢.

Thus the solution set is given by

‘x1:_9—5+10t , Xo=S , wyg=-—T+Tt , x4=t , s,teR

which is a plane.

0 -9 10]0
(2) The reduced row-echelon form obtained was | 0 T =710

0 0 0 0 |[[1]
I I |

T1 T2 T3 T4

Since we have a pivot position in the column corresponding to the constant vector, the solution

set is empty. Thus, exist for the given system.

00
(3) The reduced row-echelon form obtained was | 0 0

0 0

T 1

1 T9

Since we have a pivot position in the column corresponding to the constant vector, the solution

set is empty. Thus, exist for the given system.
0 0 0

(4) The reduced row-echelon form obtained was | 0 0 |—11/13

0 0 [1]| 34/31
Tt

rp T2 X3

11 34
All the variables x1, x5, x3 are basic. The solution set is thus the single point <O, I3 ﬁ) .



Math 171 Basic Linear Algebra, Bruce Kitchens Solutions by Keshav Dahiya, Page 16

0o 1 -8 8 |-3
(5) The reduced row-echelon form obtained was | 0 -2 3 =21 2
0O 0 0 0 0 0

T Tt 1T 7

Ty Xy Ty Ty X
The variables x1 and x5 are basic while the variables z3, x4 and x5 are free.
So we let x3 = s, x4 =t, v5 = u where s, t, u € R.
The second row gives 19 —2x3+ 314 — 25 = 2 = 19— 25+ 3t —2u = 2 = 13 = 2425 — 3t + 2u.
The first row gives 1 + 23 —8x4+8x5 = -3 =211 +s—8t+8u= -3 =2, = —3— 5+ 8t —8u.

Thus the solution set is given by

r1=—-3—5+8—8u, xo=24+2s—3t+2u, xr3=s5, r4=t, xv5=u, s, t,ueR

which is a 3-dimensional linear space.

Problem 4: Each of the following matrices is in reduced row-echelon form and represents a
system of linear equations. Write down the solution set for the system of equations associated
to each matrix.

[S—
o O =
O O N
O = O
_ o O

Solution: Since there is pivot in the column vector of constant terms, there is .

1 2 0|0

2. 10 0 1|-3

00 0|0
Solution: The variable x5 is free. So we let x9 = t. The second row gives x3 = —3. The

first row gives z1 4+ 2x9 = 0 = 21 = —2t. Thus, the solution set is | {(—2t,¢,0) : t € R}

1 0 —-2] 3
3. 10 1 4 |-5
00 01O
Solution: The variable x5 is free. So we let x3 = t. The second row gives xs + 4x3 = —5

= x9 = —5 — 4t. The first row gives 1 — 223 =3 = z; = 3 + 2t.
Thus, the solution set is | {(3 + 2t, =5 — 4¢,t) : t € R}

1 0 0] 2
4. 10 1 0|3
00 1|0

Solution: All variables are basic. The solution set is the point | (2, —3,0)

-3

(@2
OO =
O O N
O O =

0
0
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10.

Solution: The variables x5 and x3 are free. So we let o = s, 3 = t.
The first row gives 1 4+ 229 — 323 =4 = x1 =4 — 25 + 3t.
Thus, the solution set is [{(4 — 2s + 3t, s,1) : s,t € R}

01 0]-3
0 0 1] 4
0 00| 0

Solution: The variable x; is free. So we let 7 = t. The second row gives x3 = 4 and
the first row gives 9 = —3. Thus, the solution set is |{(t, —3,4) : t € R}

1 00 0] 2
01007
0 01O0]-3
000 1|1

Solution: All variables are basic. Thus, the solution set is the single point | (2,7, —3,1)

1 0 0 0] 2
01307
000 1]-3
00 0O0[O0
Solution: The variable x3 is free. So we let x3 = t. The third row gives x4 = —3.

The second row gives x9 + 3x3 =7 = x5 = 7 — 3t. The first row gives x; = 2.
Thus, the solution set is [{(2,7 — 3t,t,—3) : t € R}

1 2 0 0] 2
00107
000 1]-3
00 0O0[O0
Solution: The variable x5 is free. So we let x9 = t. The third row gives x4 = —3.

The second row gives 3 = 7. The first row gives x; + 225 =2 = x; = 2 — 2t.
Thus, the solution set is [{(2 — 2¢,¢,7,—3) : t € R}

1 00 0]2
01007
00000
00000

Solution: The variables x3 and x4 are free. So we let x5 = s and x4, = t.
The second row gives o = 7 and the first row gives x; = 2.
Thus, the solution set is [ (2,7, s,t) : s,t € R}

Problem 5: Suppose we start with a system of three linear equations in three variables,
write down the associated augmented matrix, put it in reduced row-echelon form and find the
solution set. For each solution set below, find the reduced row-echelon matrix it came from.

1.

The solution set is the point (—4,3,1).

1 0 0|—-4
Solution: [0 1 0] 3
00 1|1
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2. The solution set is the line x =1 —4t,y =3+ 3t, 2 =2 — .
Solution: Let z=2—t=s. Thent=2—-s=y=3+3t=3+3(2—5)=9—3s
=r=1—4t=1-—4(2—s) = —7+ 4s. Thus the given line can also be represented by

the parametric equation x = —7+4s, y = 9 — 3s and z = s. So the variable z is free
and the corresponding reduced row-echelon matrix would be

1 0 —4]-7
01 319
00 010

3. The solution set is the line x =3+ 4t,y = 1+ 4,2 = 5.

Solution: Let y =144t =s. Then 4t = s—1 = x = 3+4t = 3+s—1 = 2+s5s. Thus, the
given line can also be represented by the parametric equation . =2+ s, y = s, 2 = 5.
So the variable y is free and the corresponding reduced row-echelon matrix would be

4. The solution set is the plane 3x — 4y 4+ 62 = 9.

Solution: Choose a parametrization of the given equation of the plane. Let y = s,
z=t. Then 3x =9 +4s — 6t = x = 3+ (4/3)s — 2t. Thus, the corresponding reduced
row-echelon matrix would be

1 —4/3 23
0 0 0]0
0 0 00
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6. Matrix Arithmetic

Problem 1: Given the matrices

-1 35 3 5 1
E:{—Al 2 2] andF:Ls -2 —1}

compute £+ F, 3E and 4F — 2F.

Solution:
2 -2 6
E+F = {2 0 1}
-3 9 15
3k = [—12 6 6}
—10 22 18
AE -2k = {—28 12 10}
Problem 2: Given the matrices
3 =5 2 3 =2
2 1 -1 3 5
A—{_lg] ,B—{_422} , C=16 =2 , D=1|-1 2 3

0 4 0 2 4
compute all possible produces of pairs of matrices.

Solution: The possible products are A%, AB, BC, BD, CA, CB, DC and D?.

» [3 5
w2
-6 8 12
AB{—H 3 11
15 19
BC:{O 24}
-5 13 31
BD = {—10 —4 221
11 —12
CA=114 0
—4 12
17 -1 5
CB=1| 2 14 26
—-16 8 8
24 —24
DC =19 13
12 12
1 8 -3
D?>=1|—-4 7 20

-2 12 22
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Problem 3: Given the matrices A and D from the previous problem compute A% — 54 and
D?*+2D.

Solution: As computed before A* = [_35 g} Thus,
2 ra_ |7 0
A —bHA = [0 7
1 8 -3
As computed before D? = [—4 7 20 |. Then we have
-2 12 22
—6 13 10
D*=D*D=|-15 42 109
—16 62 126
Thus,
-2 19 6
D¥*+2D = |-17 46 115

—16 66 134
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7. The Multiplicative Identity and Inverse of Matrices

Problem 1: Determine whether each matrix is invertible or not and find the inverse matrix
for each invertible matrix. Check your answer by multiplying the matrices.

Solution: [A|L] = L 0lo 1 0 —1|—-1 1 0 1{1 -1

Rl%Rl—RQ 1 0 0 1 -1 _ 0 1
o 100 1) gy g [0 1]
-1 2
[

Solution: [A|ly] = [

1 111 0} Ro—Ro— Ry [1 1|1 0] Ro——Rs {1 111 o}
—_— —_—

-1 21 0] Ri—>—Ry {1 —21-1 0] Ro—Ra—Ri [1 —2]-1 o}

1 5|0 1 1 510 1 0O 711 1
Ry—(1/T)R, |1 —2|—=1 0 Ri—»Ri+2R, |1 0|=5/7 2/7
“lo 1 |17 1/7 “lo 1|17 17
L [-sy7 27
1 _
Thus, A —{1/7 1/7]
3 —4
3 [6 8}

. 3 4|1 0| rR—»apr (1 —4/311/3 0 | Romsme—6r, |1 —4/3]1/3 0
Solution: [A”ﬂ_[ﬁ s [0 1} ;{6 s |0 1} {o 16 -2 1
Re—(1/16)R2 |1 —4/3| 1/3 0 Ri—Ri+(4/3)R:. [1 0] 1/6 1/12

5 [0 1 |-1/8 1/16} [0 1|-1/8 1/16
) 1/6  1/12
1 _
Thus, A= = [—1/8 1/16}
[z -1
14 12

. /2 —1/3[1 0] misem, [ 1 —2/3]2 0
Solution: [A|h] = {1/4 1/2 0 1] {1/4 1/2 0 1]

Ro—Ro—(1/0R:1_ |1 —=2/3| 2 0| Rem(3/2)R2, |1 —2/3| 2 0
R T
0 2/3 |-1/2 1 0 1 |-3/4 3/2

Ri—-Ri+(2/3)R: |1 0| 3/2 1 1 3/2 1
_ prng
[0 1[-3/4 3/2] Thus, A —3/4 3/2
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Problem 2: Determine whether each matrix is invertible or not and find the inverse matrix
for each invertible matrix. Check your answer by multiplying the matrices.

11 -2
1. |12 3
35 6
11 2100 11 -2|1 00
Solution: [A|I;] = |1 2 3]0 1 0| Z22ffdg 1 5]-1 1 0
35 6100 1] ™7™ g2 12(-3 01
10 —7[2 -1 0] L0 -T2 -1 0
SR g o) o5 -1 1 o | 22U g 1 521 1 0
famfaz2le g 0 2 [-1 -2 1 00 1|-1/2 =1 1/2
[1 0 0[-3/2 -8 7/2 -3/2 -8 17/2
Mot g 1 0]3/2 6 —5/2|. Thus, AL =|3/2 6 —5/2
femfemla g 0 1)-1/2 -1 1/2 ~1/2 -1 1/2
—2 1 3
2. 13 -1 5
12 -5 1
—2 1 3[10 0] Tl —1/2 =3/2]-1/2 0 0
Solution: [AlIs)= |3 -1 50 1 0 | =/ 13 -1 5 | 0 10
12 -5 10 0 1 12 -5 1 |0 01
1 —1/2 —3/2]|-1/2 0 0 1 —1/2 =3/2|-1/2 0 0
Ro—Ro—3R Ro—2R:
JemleSB g 120 19/203/2 10| 22200 1 19 | 3 20
fomfa=2f 4o 1 19 | 6 0 1 0 1 19 |6 01

0 811 1 O
01193 2 0
00 0|3 =21

Since we have an all zero row, the given matrix is singular.

R1—>R1+(1/2)R2
R3—>R3—R2

1
3. |1
2

ot O N
w 0o W

1 2 3110
Solution: [A|I3] =1 0 8[0 1
25 300

1

1 0 8 [0 10 8]0 1 0
Jemfefo g 2 =5 {1 —1 0 | 2222 o 1 —5/2(1/2 —1/2 0
famfa=2l g 5 1300 -2 1 05 —-13|0 -2 1

1 0 8 0 1 0 10 8]0 1 0
oM dfe 1o 1 —5/2|1/2 —1/2 0 | 2222 10 1 —5/2(1/2 —1/2 0

0 0 —1/2|-5/2 1/2 1 00 1 |5 -1 =2

10 0/-40 9 16 —40 9 16
R1—R1—8R3 01 0/ 13 -3 -5 1. ThUS, Al = 13 -3 =5
RQ*}R2+(5/2)R3 O O 1 5 _1 _2 5 —1 —2
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1/3 1/4 0
4.—1/31/40
0
1/3 1/4 01 0 0 1 3/4 0[3 0 0
Solution: [A|l;] = —1/3 1/40010 st N 1/3 1/4 00 1 0
300 01 0 0 3|00 1
RR13R13/40300 1 3/4 0|3 00
2Pt U, g 9 01 1 0 22200 1 0]2 2 0
0 0 3|00 1 0 0 3/00 1
e L0032 =32 01 10 0]3/2 =3/2 0
DREEMR g 1 g 2 2 o] B2 g 1 0] 2 2 0
0030 o0 1 0010 0 1/3
3/2 —3/2 0
Thus, A=' = | 2 2 0
0 0 1/3

Problem 3: Use an inverse matrix from above to solve the system of linear equations

—r+2y=3
T+ 5y =—1

Solution: The given system is AX = b where A = [_11 ;1’ X = [ﬂ and b = [ 3 }

: _ —5/7 2/7 _
1_ _ A1
As computer earlier A™' = { 171 /7] and we have X = A™'b
x| |=5/7 2/T| 3| |-17/7 o B
I [N B IR

Problem 4: Use an inverse matrix from above to solve the system of linear equations

TH+y—2z=-2
rT+2y+32=5
3z + 5y +62=3

1 1 =2 T —2
Solution: The given system is AX =bwhere A= 1|1 2 3|, X=|y|andb= |5
3 5 6 z 3
-3/2 =8 7/2
As computed earlier, A=' = | 3/2 6 —5/2| and we have X = A~'b
~1/2 -1 1/2
x -3/2 -8 7/2 -2 —53/2
Thus, |y| =1]3/2 6 —=5/2 51=139/2| =x=-53/2,y=39/2, z=—-5/2.
p ~1/2 -1 1/2| 3 —5/2
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Problem 5: Use an inverse matrix from above to solve the system of linear equations

(1/3)z  +(1/4)y = 8
(=1/3)z +(1/4)y = -3
3z = 4
1/3 1/4 0 x 8
Solution: The given system is AX =bwhere A= [—-1/3 1/4 0|, X = |y| andb= |-3].
0 0 3 z 4
3/2 —3/2 o
As computed earlier, A7 = | 2 and we have X = A~'b
0 0 1/3

. 3/2 —3/2 0 33/2
Thus, |y| = 0 =110 | =2=33/2,y =10, z =4/3.
e 0 0 1/3 4/3
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8. Determinants

Problem 1: Compute the determinants of the matrices

3 =2
-
. 3 =2
Solution: 1 4 ‘ =34)—-1(-2)=14
-4 6
> { ; _3}
. -4 6
Solution: 5 _3’ =—-4(-3)—2(6)=12—-12=0

Problem 2: Compute the determinants of the matrices in two ways, first by expanding along
a row and then by expanding down a column.

3 =2 -1
1. |11 -4 2
3 0 =5

Solution: Expanding by the third row we have

3 =2 -1

1 —4 2 :3’_2 _1'—0‘3 _1‘+(—5)‘3 _2’ = 3(—8) —0—5(—10) = 26
—4 2 1 2 1 —4
3 0 =5
Expanding by the second column we have
3 =2 -1
1 —4 2|=—(-2) L2 + (—4) Sl _op T =2(—11) — 4(—12) — 0 = 26
3 =5 3 =5 1 2
3 0 -5
-2 3 1
2.5 =25
1 4 7
Solution: Expanding by the first row we have
-2 3 1
5 —2 5 ——2| 223 241 _2:—2(—34)—3(3o)+1(22):0
4 7 17 1 4
1 4 7
Expanding by the first column we have
-2 3 1
-2 5 31 3 1
-2 5 :—2’ 4 7‘—5‘4 7‘+1’_2 5‘ =—2(=34) = 5(17) + 1(17) =0

1 4 7
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Problem 3: Compute the determinants of the matrices

3 0 0
1. 10 =4 0
0 0 =2

Solution: Expanding along first row or fist column we have

3 0 0 4 0
0 —4 0 :3‘0 _2‘:3(—4><—2):24
0 0 =2
A 0O 0
2. 0 AQQ 0
0 0 As
Solution: Expanding along first row or first column we have
A O 0
A 0
0 Ayp 0 |=An 022 A = A1 AxAss
0 0 As %
Problem 4: Compute the determinants of the matrices
3 =2 1
1. {0 -4 9
0 0 =2
Solution: Expanding along first column we have
3 -2 1
0 —4 9 :3’_04 _92’:3(8—0):24
0 0 =2
A A Asg
2. 0 A22 A23
0 0 As
Solution: Expanding along first column we have
A A Ags
Ay A
0 Ay Ayl =An 022 A23 = A1 Asp Ass
0 0 As %

Problem 5: Compute the determinants of the matrices

3 0 0
1. 15 =4 O
7 =9 =2
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Solution: Expanding along first row we have

3 0 0
5 -4 0 :3’:3 02’:3(8—0):24
7 -9 -2

A 0O 0

2. Agl A22 0

Az Aszy Asg

Solution: Expanding along the first row we have
A 0 0 A 0
Ay Ay 0 |=Ap A22 A = A1 AxpAss
Ay Asy Asg 82

Problem 6: Compute the determinant of the matrix in two ways, first by expanding along a
row and then by expanding down a column.

2 =3 1 5
-1 4 0 2
0 2 =21
3 1 0 1

_21 _43 (1) g -3 1 5 2 1 5 2 -3 5 2 -3 1
0 9 9 1/=73|4 0 2/+1]-1 0 2/-0[-1 4 2(+1|-1 4 0
s 1 0 1 2 -2 1 0 -2 1 0 2 1 0 2 =2
-3 1 5] |-31 5 -3 1 5 L9
2 -2 1 |-4 0 11 2 -2 1
2 1 5 2 11 5 2 1 5 5 11
—1 0 2/=|-1 4 2| (C3 =>Cy+20Cs) =|-1 0 2:‘_1 4‘219
0 —2 1 0 0 1 0 -2 1
2 -3 1 2 -3 1 2 -3 1 1.
-1 4 0|=|-1 4 0 (R3s—R3+2Ry) =1|—1 4 0 :‘ 4 _4‘—_12
0 2 =2 4 -4 0 0 2 -2
2 -3 1 5
-1 4 0 2
Thus, | 5 5 | =—3(=52)+1(19) + 1(-12) = 163
3 1 0 1
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Expanding along the third column we have

_21_4312 142 |2 -3 5 2 -3 5 9 3 5
0 2 o 1/=1]0 2 1l—0l0 2 1]—-2/-1 4 2/—-0|-1 4 2
5 1 o0 1 3 11 3 1 1 3 1 1 0 2 1
~1 4 2 ~1 4 2 ~1 4 2 5 1
3 11 0 13 7 3 11
2 -3 5 0 5 9 (R, — By + 2Ry) 2 -3 5 -
—142:_142(R_>R+3R) —142—(—1)137—82
3 1 1 0 13 7| V7 3 2 3 1 1
2 -3 1 5
1 4 0 2
Thus, 0 9 o 1_1(—1)—2(—82)_163
3 1 0 1

Problem 7: Given a 2 x 2 matrix A with a nonzero determinant, what is the determinant of
its inverse matrix A=1?

Solution: Using the result of problem 8 below, we have det(AA™!) = det(A) det(A™!)

1
But AA™! = I, = det(A) det(A™!) = det(l,) = '(1] (1) = 1. Therefore, det(A™") = dot(A)

1 —

ALTERNATIVELY, let A = {a b] . Then A™! = [ d b} :
c d ad—bc|—c a
1 d —b ad — be 1 1

det(A™) = ——— = = = :

= det(A™) (ad — bc)? |—c a (ad —bc)?  ad —bc  det(A)

Problem 8: Given two 2 x 2 matrices A and B show that det(AB) = det Adet B

a dy cy dy

Solution: Let A = [al bl} and B = [GQ bﬂ.
3! b1 ag bg _|aiag + blCQ a162 + b1d2
R |:Cl d1:| [CQ d2:| - [Clag + d102 Clbg + d1d2:| '

= det(AB) = (a1a2 + blcg)(qbz + dldg) — (albg + bldg)(clag + d162)
= ayerazby + ardiasdy + bicibacy + bidresds — averazby — ardibacy — biciasdy — budresds
= Clel <a2d2 — bQCQ) — blcl(agdg — bQCQ) = (a1d1 — b161>(a2d2 — bQCQ) = det(A) det(B)

Problem 9: Suppose A is a 3 x 3 matrix and det A = 5. Using the properties of 3 x 3
determinants find the determinant of:-

1. a matrix obtained by interchanging two rows of A,
2. a matrix obtained by multiplying a row by 3,

3. a matrix obtained by multiplying a row by —2,

4. the matrix 3A4,

5. the matrix (—2)A,



Math 171 Basic Linear Algebra, Bruce Kitchens Solutions by Keshav Dahiya, Page 29

6. the matrix obtained by adding the second row of A to the first row of A,

7. the transpose of A, AT,
Solution:

1. —detA= -5

2. 3det A =15

3. —2det A =—-10

4. 33det A =135

5. (—2)*det A = —40
6. det A =5

7. det AT =det A=5

Problem 10: Given two 3 x 3 matrices A and B show that det(AB) = det Adet B.

Solution: Each row operation is equivalent to left multiplying with some matrix, called an
elementary matrix. The following are the elementary matrices corresponding to each row
operation.

010 1 00 0 1
Eor=11 00 (R1<—>R2)7 Fys=10 0 1 (RQHR:;), FEy;;=10 1 0 (R3<—>R1)
00 1 010 10 0
a 00 100 [1 0 0
Elo‘: 010 (R1—>06R1),E2 =0 a O (R2—>CYR2), E3 =01 0 (Rg-)OéRg),
0 01 0 01 10 0 «
[1 a 0] (1 0 0]
EL =10 1 0] (Ri— Ri+aRs), ES, = |a 1 0| (R — Ry +aRy)
0 0 1] 0 0 1]
[1 0 0] [1 0 0]
Egg_ 0 1 « (R2—>R2+O./R3), Eglz: 01 0 (Rg—)R3+OéR2)
0 0 1] 0 a 1]
[1 0 «f (1 0 0]
Elagz 010 (R1—>R1+06R3),E?1: 0 10 (R3—>R3—|—04R1)
00 1 0 0 1

Note that B! = Ey, (E)~' = B/, (BEg) ' = E;°
and that det(E;;) = —1, det(Ef) = o, det(Ef;) = 1.

Also note that if £ is any elementary matrix then det(£B) = det(E) det(B).

Now let E 4 be the reduced row echelon form of A obtained by some s number of elementary
row operations then K4 = F,E, 1--- FoF1 A where E;, 1 <1 < s are elementary matrices.



Math 171 Basic Linear Algebra, Bruce Kitchens Solutions by Keshav Dahiya, Page 30

So we have A = EI_IEQ_1 e E;IEA where El-_l, 1 <1 < s are again elementary matrices.
Thus, det(AB) = det(E; ' --- E7'E B) = det(E ) - - - det(E; ') det(E4B)

and det(A) = det(E; ") -+ det(E71) det(E,).

Now, if F4 has a zero row then so does E4B, in which case det(E4) = 0 = det(E4B) and we
have det(AB) = 0 = det(A) = det(AB) = det(A) det(B) = 0.

Else, if F4 does not have a zero row, then £y = I3 = E,B = [3B = B and we have
det(AB) = det(E; ") - - - det(E;!) det(B). Also, det(A) = det(E; ) ---det(E1) det(13).

Since det(I3) = 1, we have det(AB) = det(A) det(B).

(The same proof also works for n x n matrices for any n)

Problem 11: Given a 3 x 3 matrix A with a nonzero determinant, show that the determinant
of its inverse matrix A~! is 1/ det A.

Solution: AA™' = I3 = det(AA™') = det(l3) = 1. Using the result of previous problem
we have det(A)det(A™') = 1. Since det(A) is nonzero, we can divide both sides by det(A).
1

~ det(A)

Problem 12: Given a 3 x 3 matrix A with a nonzero determinant, define the 3 x 3 matrix C'
by Ci; = (—1)" det A(i|]j) and show that ACT = (det A)I5.

Solution: The diagonal entries (ACT);; of ACT for 1 <1 < 3 are given by

Therefore, det(A™!)

(ACT)n' = Ail(OT)li + Ai2(OT)2i + Ai3(OT)3i = A Ci + AppCis + AizCis

= (ACT);; = A (—1)"det A(i|1) + A (—1)"2 det A(i]2) + A (—1)" det A(i[3)
which is the formula of det(A) when expanding by the i row. Thus, (ACT);; = det(A).
Now if we look at the off-diagonal entry (ACT);; for i # j. Then we have

(ACT)ij = An(=1)"" det A(j|1) + Ain(=1)""* det A(j|2) + Ais(—1)"" det A(j[3)

h

which is the formula (when expanding by ;' row) for determinant of a matrix whose i** and

48 row are the same and we know that determinant of such a matrix is 0.

det(A) 0 0
Thus, ACT = 0 det(A) 0 = det(A)1;.
0 0 det(A)
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9. Matrices as Functions

Problem 1: Carry out the computations on both sides of the equation to see that they are
equal.

3 1 =2 1 -2 3 1 =2 1 3 1 =2 |-2
4 0 =2 21 +1 2 =4 0 =2 21 +14 0 =2 2
-5 2 3 -3 5 -5 2 3 -3 -5 2 3 5
Solution:
3 1 =2 1 -2 3 1 =2] [—-1 -3
LHS=|4 0 -2 21 +1 2 =14 0 =2 4 | =[-8
-5 2 3 -3 5 -5 2 3] 2 19
3 1 =2 1 3 1 —=2] [-2 11 ] —14 -3
RHS=([4 0 -2 21 +14 0 =2 21 =110 |+ |—-18| = |-8
-5 2 3 -3 -5 2 3 5 —10] 29 19

Problem 2: Carry out the computations on both sides of the equation to see that they are
equal.

3 1 =2 1 3 1 =2 1
4 0 -2 5| 2 =95 4 0 -2 2
-5 2 3 -3 -5 2 3 -3
Solution:
3 1 =2 1] 3 1 =2 5 55
LHS=|4 0 =2| |52 =14 0 =2 10 | = | 50
-5 2 3 —3] -5 2 3 —15 —50
3 1 =2][1 11 55
RHS =5 4 0 -2 2 =510 | = | 50
-5 2 3| [-3 —10 —50
3 1
Problem 3: Given the matrix A = | 4 0| determine which of the following vectors are in
-5 2
the image of A:-
4 5 -5
4 3 -8
-3 2 12

Solution: Form the augmented matrix [A|v; vy v3] and bring A in reduced row-echelon form.

3 114 5 —5 104 3 8] 0] 1 3/4 —2
4 0] 4 3 —g| el |l gy 5 5| 2R s g1y 5 5
5 2]-3 2 12 5 2]-3 2 12 5 2/-3 2 12
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1 01 3/4 -2 1 0|1 3/4 -2
Mozl g |1 114 1 | B2EEo0g 1|1 1174 1
R3—R3+5R; 0 212 23/4 2 0 0]0 1/4 0

We see that for the first and third vectors there are infinitely many solutions while the for the
second vector there are no solutions. Therefore, the |first and third vector | lie in the image of
A but the second vector does not.

1 -1 0
Problem 4: Given the matrix A= | 2 —1 —2| determine which of the following vectors
-3 3 1
are in the image of A:-
1 —4 -5
1 2 —4
0 3 -3

Solution: Form the augmented matrix [A|v; ve vs] and bring A in reduced row-echelon form.

1 -1 01 -4 =5 1 -1 0|1 -4 -5
9 -1 —2|1 2 —4| BzE2Rg 1 9l 1 10 6
3 3 1|0 3 —3| fBBh 0y o 1|13 —9 —18

10 -2/0 6 1 100[6 —12 —35
fofife g 1 —2]—1 10 6 | 2200 1 05 —8 —30
00 1|3 —9 —18] ™7™ g9 1/3 —9 —18

We see that for all the three given vectors there is a unique solution. Therefore, \ all the three vectors
lie in the image of A.

Problem 5: In the previous problem use the inverse of A to find the vectors in R? that are
mapped by A to the three vectors listed.

Solution: Find the inverse of A.

1 -1 0100 1 -1 01 00
[AlL]= ]2 -1 —2|0 1 o 2222200y 1 22 1 0
3 3 1|00 1| BB Ay 9 1|3 01

10 —2[-110 100|512
fofitfe 1o 1 —2]—2 1 o 22200 1 04 1 2
00 1[3 0 1] ™28 1509 1(3 01

(5 1 2] [1 6
Aoy =14 1 2| |1| = |5
3 0 1] |0 3
(5 1 2] [—4 —12
Alpy=14 1 2| | 2| =] -8
30 1] 3 -9




Math 171 Basic Linear Algebra, Bruce Kitchens Solutions by Keshav Dahiya, Page 33

5 1 2] [-5 ~35
Al = |4 1 2| |—4] = |=30
30 1| |-3 ~18

Note that these three vector appeared as column vectors to the right of the vertical line in
the final augmented matrix of the previous solution.

5 3 -2
Problem 6: Given the matrix B= |2 0 4 | determine which of the following vectors are
31 2
in the image of B:-
9 1 1
6 1 -1
7 1 1

Solution: Form the augmented matrix [A|v; vy vs] and bring A in reduced row-echelon form.

53 —2]9 1 1 20 4|61 -1

2 0 4]6 1 —1| 22815 3 219 1 1

31 2(71 1 31 2071 1
o omp [P0 2 [3 1/2 —1/2 10 2|3 1/2 —1/2]
PoQRB s 3 99 1 1 | fezReSR g g 10| g 3/ 7/2
31 2|7 1 1 | BTRETRl0 1 a2 12 5/2
10 2|3 1/2 —1/2 10 23 1/2 —1/2
Mofe 1g 1 —4 | —2 —1/2 5/2 | B2 o0g g 42 —1/2 5/2
03 —12|—6 —3/2 7/2 00 0[]0 0 —4]

So we have infinitely many solutions for first two vectors and no solution for the third vector.

Therefore, the first two vectors are in the image of B while the third vector is not.

Problem 7: Let A be a 3 x 3 matrix. Show that the image under the function defined by A
of a line through the origin is the point (0,0, 0) or a line through the origin. Find an example
for each case.

Solution: Any line passing through origin can be expressed by the equation 7 = tv' where
v # 0 is the direction vector of the line and ¢t € R. When A is applied to ¢ we may have two
cases: Either W = AU =0 or w = Av # 0.

Case 1: @ = 0 = AF = A(t0) = tAT¥ =t = 0. Thus, the entire line is mapped to (0,0, 0).

Case 2: @ # 0 = AF = A(t0) = tAT = tw. Thus, any vector on the line through 0 and @
is mapped to a unique vector on the line through 0 and . Further, suppose we have some
vector on the line through 0 and @, then it must be s@ for some s € R. Then we have a
vector st on the line through 0 and @ which is mapped by A to s, since A(sV) = sAU = sw.
Thus, the image of A in this case is a line through the origin.

Problem 8: Let A and B be 3 x 3 matrices. Each defines a function from R?® to R?. Show
that the matrix BA defines the function obtained by composing the function defined by B
with the function defined by A (first apply A then B). What happens when the order of
applying the functions is reversed?
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Solution: We have Ty : R® — R3 such that Ty(z) = Az and Tg : R® — R? such that
Tp(z) = Bx. Now Tpa(z) = (BA)x = B(Az) = BTu(z) = T(Ta(x)) = (Tp o Ta)(z).

Similarly, Tap(x) = (AB)x = A(Bx) = A(TB(ZB)) =Ty (TB(x)) = (TA o TB)(:U).

Problem 9: Let A be a 2 x 2 matrix. Show that the image of the unit square [0, 1] x [0, 1] is
a parallelogram with area | det A|. Then show that the image of any square in the plane is a
parallelogram with area equal to det A times the area of the original square.

Solution: Let €; = [(1)}, €y = [(1)] and A = [CCL Z]

The unit square [0, 1] x [0, 1] is given by {ue; +ves : 0 <u < 1,0 <wv < 1}.

The image of the unit square under A is then given by {ude; + vAes : 0 < u,v < 1},

This is the parallelogram whose adjacent sides are Ae; = {Z] and Aey = B]

The area of this parallelogram is

‘g ;‘ = |ad — be| = | det A|.

Now suppose we have any square (not necessarily the unit square). Since rotation does not
change area we can assume the square to be [0,1] x [0,1] where [ is the length of its side.
The sides of this square are given by vectors le; and le;. By linearity of A the sides of the
parallelogram which is the image of this square under A are given by vectors [Aeq, [Aes.
The area of this parallelogram is determinant of the matrix with column vectors [Aeq, [Aes,
that is, det(lA) = [*det A = det A times the area of the original square.

Problem 10: Let A be a 3 x 3 matrix. Show that the image of the unit cube [0,1]% is a
parallelepiped with volume |det A|. Then show the image of any cube is a parallelepiped with
volume equal to | det A| times the volume of the original cube. Use this to show that if A and
B are two 3 x 3 matrices then det(AB) = det Adet B.

1 0 0
Solution: Let €, = [0], e = [1],e3= |0
0 0 1

The unit cube [0, 1] is given by {ue; +ves +tez : 0<u<1,0<v < 1,0<t <1},
The image of the unit cube under A is then given by {uAe; + vAes 4+ tAes : 0 < u,v,t < 1}.

This is the parallelopiped whose adjacent sides are Ae;, Aes and Aes which are respectively
the first, second and third columns of A. The volume of such a parallelopiped is | det A|.

Now suppose we have any cube (not necessarily the unit cube). Since rotation does not change
volume we can assume the cube to be [0,]> where [ is the length of its side. The sides of this
cube are given by vectors ley, les, lez. By linearity of A the sides of the parallelopiped which
is the image of this cube under A are given by vectors [Aey, [Aes, [Aes.

The volume of this parallelopiped is determinant of the matrix with column vectors [Aeq,
[Aey, 1Aes, which is, | det(IA)| = 13| det A| = | det A| times the volume of the original cube.

The oriented volume of the parallelopiped, say P, which is the image under AB of the unit
cube is det(AB). This same volume can also be computed by first applying B to the unit
cube which is a parallolopiped with oriented volume det B, and then applying A to this
parallelopiped to get the parallelopiped P which will have oriented volume det A times det B.
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10. Eigenvalues and Eigenvectors

Problem 1: Find the eigenvalues and eigenvectors for the matrices

ERENE

1=l

’: (5-M\)(=2—\).

Solution: (1)

5—A 0

Then c4(N\) = ‘ 0 —92_ )

ca(A)=0=(5-X)(—2—X) =0= A =5o0r —2. Thus, the‘eigenvalues of A are 5 and — 2 ‘

Notice that these are the diagonal entries of the given diagonal matriz.

0 2| |y Y
So we have bx = 5z and —2y = by = 7Ty =0 = y = 0 and = can be any real number.

Now let [ﬂ be the eigenvector corresponding to A = 5. Then [5 0 } [ﬂ =5 {'E}

Thus, the eigenvectors corresponding to A = 5 are [ﬂ =z [é] where x € R.

1
In particular, |an eigenvector corresponding to the eigenvalue of 5 is {O} :

Now let [ﬂ be the eigenvector corresponding to A = —2. Then [g _02} [ﬁ = -2 [ﬂ

So we have bx = —2x and —2y = —2y = 7z =0 = x = 0 and y can be any real number.

Thus, the eigenvectors corresponding to A\ = —2 are B] =y [ﬂ where y € R.

In particular, |an eigenvector corresponding to the eigenvalue of — 2 is {ﬂ .

(2)

5—A 1

Then c4(N\) = ‘ 0 —92_)

‘: (5—A)(=2 - \).

caAA)=0=(5-X)(—2—X)=0= A=5o0r —2. Thus, the‘eigenvalues of Aare5and —2 ‘

Notice that these are the diagonal entries of the given upper triangular matriz.

0 —2| |y Y
So we have bx + y = bxr and —2y = by = = y = 0 and x can be any real number.

Now let [ﬂ be the eigenvector corresponding to A = 5. Then [5 L } [a:} =5 {x}



Math 171 Basic Linear Algebra, Bruce Kitchens Solutions by Keshav Dahiya, Page 36

1] where z € R.

Thus, the eigenvectors corresponding to A = 5 are [ﬂ =z [0

. ) . ) .1
In particular, |an eigenvector corresponding to the eigenvalue of 5 is {01 :

Now let [ﬂ be the eigenvector corresponding to A = —2. Then [g _12} [ﬂ = -2 [?ﬂ

So we have bx +y = —2x and —2y = —2y = y = —7x and x can be any real number.

Thus, the eigenvectors corresponding to A = —2 are {_x?x} = [_17} where z € R.

. . . . . 1
In particular, |an eigenvector corresponding to the eigenvalue of — 2 is [ } .

-7
5 1
I

— (5 N2

(3)

Then ca(\) = ‘5 6 A Bi)\‘

ca(A\)=0= (5—X)2=0= X =5. Thus, the ‘only eigenvalue of A is 5‘.

Notice that the diagonal entries of the given upper triangular matriz are also 5.

Now let [ﬂ be the eigenvector corresponding to A = 5. Then [g é] E] =5 [ﬂ

So we have bx + y = 5z and by = by = y = 0 and x can be any real number.

1] where z € R.

Thus, the eigenvectors corresponding to A = 5 are [ﬂ =z [0

. . . . .1
In particular, |an eigenvector corresponding to the eigenvalue of 5 is [O} .

Problem 2: Find the eigenvalues and eigenvectors for the matrices

A I

Solution: (1)

1—-A 3

ThencA()\)—‘ 9 4

‘—(1—)\)(—4—)\)—6—)\2+3)\—10—()\+5)()\—2).

caAAN)=0= (A+5)(A—2) =0 = X = —5or 2. Thus, the |eigenvalues of A are — 5 and 2‘.
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2 —4| |y Y

So we have x + 3y = —bx and 2x — 4y = —5y = y = —2x and z can be any real number.

Now let [ﬂ be the eigenvector corresponding to A = —5. Then [1 3 } [az} = -5 [aj}

1 } where x € R.

Thus, the eigenvectors corresponding to A = —5 are {—xe} =z [_2

. . . ) . 1
In particular, |an eigenvector corresponding to the eigenvalue of — 5 is {_ 2] .

Now let [ﬂ be the eigenvector corresponding to A = 2. Then b3 ] [l} =2 {l}

2 4] |y Y
So we have x 4+ 3y = 2z and 2x — 4y = 2y = = = 3y and y can be any real number.
Thus, the eigenvectors corresponding to A = 2 are [3;/} =y [:1)) where y € R.

. . . . .13
In particular, |an eigenvector corresponding to the eigenvalue of 2 is L} :

(2)

—1-A 3

Then ca(\) = ‘ a5

‘=(—1—>\)(5—)\)+9=)\2—4/\+4=()\—2)2.

ca(A)=0= (A—2)2=0= X = 2. Thus, the ‘only eigenvalue of A is 2‘.

-3 5| |y Y
So we have —x + 3y = 2x and —3x + by = 2y = y = x and = can be any real number.

Now let [ﬂ be the eigenvector corresponding to A = 2. Then {_1 3] [:c} =2 {x}

1] where z € R.

Thus, the eigenvectors corresponding to A = 2 are [ﬂ = [1

. . . . .1
In particular, |an eigenvector corresponding to the eigenvalue of 2 is L} :

A=

‘:(1—A)(—3—)\)+5:>\2+2)\+2.

(3)

1—A )

Then ca(\) = ‘ T

ca(A) = 0 has no real roots. Thus, the given matrix has ‘no real eigenvalues ‘

Problem 3: Find the eigenvalues and eigenvectors for the matrices

A I | S e R |
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Solution: (1)

—A 1

Then ca(\) = ‘ 5 _9_

’:(_)\)(—2—)\)—3:)\2+2)\—3:()\+3)(>\—1).

ca(A)=0= (A+3)(A—1)=0= A= —3 or 1. Thus, the ‘eigenvalues of A are — 3 and 1‘.

Now let [ﬂ be the eigenvector corresponding to A = —3. Then [g _12} [ﬂ =-3 [Zj

So we have y = —3x and 3z — 2y = —3y = y = —3x and x can be any real number.

Thus, the eigenvectors corresponding to A = —3 are {_xgq;} =z [_13} where z € R.

-3

. . . . . 1
In particular, |an eigenvector corresponding to the eigenvalue of — 3 is { } .

T 0 1 T T
Now let be the eigenvector corresponding to A = 1. Then =
M g pOREIS [3 —2] M M

So we have y = z and 3x — 2y = y = y = x and x can be any real number.

1] where x € R.

Thus, the eigenvectors corresponding to A = 1 are [ﬂ =ux [1

. . . . . |1
In particular, |an eigenvector corresponding to the eigenvalue of 1 is [1} !

B

‘:(2_)\)(_>\)_3:A2—2>\—3:(A—3)(>\+1)-

(2)

2—X 1

Then ca(\) = ‘ 5 )\

ca(A)=0=(A—=3)(A+1)=0= A =3 or —1. Thus, the ‘eigenvalues of Aare3and — 1|

Now let [ﬂ be the eigenvector corresponding to A = 3. Then [g (1)] E] =3 [ﬂ

So we have 2x + y = 3z and 3x = 3y = y = x and x can be any real number.

1] where z € R.

Thus, the eigenvectors corresponding to A = 3 are [ﬂ =z [1

. . . . .1
In particular, |an eigenvector corresponding to the eigenvalue of 3 is [1} .

Now let [ﬂ be the eigenvector corresponding to A = —1. Then [z é] [ﬂ =-1 B]

So we have 2x +y = —z and 32z = —y = y = —3z and z can be any real number.
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1 } where x € R.

Thus, the eigenvectors corresponding to A = —1 are {—gx} =z {_3

. ) . . . 1
In particular, |an eigenvector corresponding to the eigenvalue of — 1 is { } .

-3
3 2
=l

':(B—A)(l—)\)+2:>\2—4)\+5.

(3)

3—A 2

Then c4(N\) = ‘ 11—

ca(M\) = 0 has no real roots. Thus, the given matrix has ‘no real eigenvalues |

(4)

—4 - 5

Then c4(N\) = ‘ 1 9

‘:(—4—)\)(—2—>\)+5:)\2+6)\+13.

ca(A) = 0 has no real roots. Thus, the given matrix has ‘no real eigenvalues |.

)
=5

‘:(—1—A)(3—/\)+5=>\2—2A+2.

—1-A 5

Then ca(\) = ‘ 13-

ca(A) = 0 has no real roots. Thus, the given matrix has ‘no real eigenvalues |.

Problem 4: Find the eigenvalues and eigenvectors for the matrices

0 1 0 11 0 0 1 0 -1 -1 1
0 -2 0 00 2 0 0 1 1 -2 3
2 1 -6 01 —1 1 -1 1 1 3 =2
Solution: (1)
0 1 0
A=10 =2 0
2 1 -6
-\ 1 0
Then ca(A) =0 —2—-X 0 | =(=6-XN(=A(-2=X)) = =A(A+2)(A+6). The
2 1 —6—A O g

TV
Expanding by first column

real roots of c4(A\) = 0 are A = 0, —2, —6. Thus, the ’eigenvalues of Aare A\=0,—-2,—6 ‘




Math 171 Basic Linear Algebra, Bruce Kitchens Solutions by Keshav Dahiya, Page 40
(2)

1-Xx 1 0
Thency,(AN)=| 0 X 2 |=(1-ADN+1-2) =-(A-12A+2)

0 1 —1-A (Expanding l;yrﬁrst column)
The real roots of c4(A) = 0 are A = 1, —2. Thus, the

(3)

eigenvalues of A are A =1 and A = —2|.

0 1 0
A=10 0 1
1 -1 1
-2 1 0
Then ca(A) =0 —XA 1 |==AXN=-A+D)+1(1)=-N-X+1-1)
I -1 1-2) g

(Expanding l;yrﬁrst column)
=—A=-1(\+1)
The real roots of c4(A) = 0 are A = 1. Thus, the only (real) ‘eigenvalue of Ais A =1 ‘

(4)

-1 -1 1
A=|1 -2 3
1 3 =2

Then

“1-x -1 1
—2-\ 3 -1 1 -1 1

caN)=| 1 —2-A 3 :(—1—)\)‘ NG ’—1 o '+1‘_ B
h s o 3 2\ 3 —2-) 2\ 3

~
Expanding by first column

= (1 - AN+ -5 - A-1D+A=1=—-A+1)N+41—=5) = - A+ DA -1)(A+5)
The real roots of c4(A) =0 are A =1, —1, —5. Thus, the‘eigenvalues of Aare \=1,—1,—-5 ‘

Problem 5: Find the eigenvalues for the matrices

-1 2 0 1 0 1 1 2 1 0 1 O
3 0 =2 1 -2 2 -2 2 =2 0 1 1
0 3 -1 1 =3 0 0 -3 0 1 -1 2
Solution: (1)
-1 2 0
A=13 0 -2
0 3 -1

—1-X 2 0
Then c,(\) =] 3 =X =2 [=(=1=XNAN+X1+6)-3(-2-1))
0 3 —1-A ° g

~
(Expanding by first column)

=N =202 —TA—6+6+3A= AN\ +2)\+4)

The real roots of c4(A) = 0 are A = 0. Thus, the (real) ‘eigenvalues of Aare A =0|.
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(2)

1 0 1
A= |1 -2 2
1 =30
Then
1I-Xx 0 1
caN) =] 1 —2-X 2|=0=XNA\+224+6)+1(=3+2+)) = —(A=1)(\*+2\+5)
1 -3 =Al T ~ g

(Expanding along first row)

The real roots of c4(A) = 0 are A = 1. Thus, the (real) ‘eigenvalues of Aare A =1 ‘

(3)

1 2 1
A=|-2 2 =2
0 -3 0
1—XA 2 1
Then cy(\) =| =2 2—X —2| = (1 =X\ (A% =2\ —6) + 2(—2)\ + 3)
0 -3 =Al O ~~ g

(Expanding along first column)

=N 43N +4\ -6 — 4N+ 6= —)\*(\—3)

The real roots of c4(A\) = 0 are A = 0,3. Thus, the |eigenvalues of A are A =0 and A = 3|,
(4)

Then ca(A) =0 1—X 1 |=-A2-3A+X+1)+1(1)

TV
Expanding along first column

= N43N -3 +1=-A—-1)?

The real roots of c4(\) = 0 are A = 1. Thus, the ‘only eigenvalue of Ais A =1

Problem 6: Show geometrically by looking at the image of the function defined by a 2 x 2
matrix that a 2 x 2 matrix is not invertible if and only if it has 0 for an eigenvalue.

Solution: If a matrix A is not invertible, then there is some line passing through origin which
is mapped by A to origin. Take vector ¥ to be the direction vector of this line and we have
AZX = 0= 0.7 for ¥ # 0, and hence A has 0 as an eigenvalue.

If a matrix A has 0 as an eigenvalue then there is a nonzero vector & such that A7 = 0.2 = 0,
which means that A maps the line passing through origin in the direction of the vector T to
origin. Thus, A is not invertible.
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Problem 7: Show that for each ¢ € R the function defined by the matrix A = {1(/)2 (2)} maps

the graphs of the hyperbola xy = ¢ to itself.
Solution: Any point on the graph of xy = ¢ is of the form (¢, ¢/t) where ¢ # 0.

5 3] ] = 27

The point (¢/2,2c¢/t) obtained after applying A satisfies xy = (t/2)(2¢/t) = c.

V3/2 —1/2
/2 /3/2

circle centered at the origin to itself. Then prove it rotates the circle by 30°.

Problem 8: Show that the function defined by the matrix D = [ } maps every

Solution: Any point on the circle 22 4+ y* = r? is given by (r cosf,rsin ).

e )

- [reott e mio]

1 V3

r‘/Tg cos O — 7’% sin 6
T cos 0 + 7“73 sin @

Then for the point obtained after applying A, we have

2® +y* = (rcos(f + 7r/6))2 + (rsin(6 + 7r/6))2 =72

which is again the same circle.

We also see that the output point obtained after applying A is same as point obtained after
rotating the input point by 7/6 = 30°.



