Math 17100 Section 22866 Homework 2

Problem 1: Sketch the following parametric curves.

l.x=2t+1,y=t>+1,tecR.
2. x=1+sinf, y=—142cosf, 0 <6 < 2m.
3. 1 =242secl,y=1+4tand, 0 € (—n/2,7/2) (7/2,37/2).

4. z=t,y=4—-1t,0<t <4,

Solutions. (1)

x:2t+1:>t:$

andy=t*+1=t*=y—1

Therefore,

y—1:t2:($;1> i(y—l):i(m—lfor(x—1)2:4(y—1)

1,1) we get X2 = 4Y, which the equation of a parabola.

Shifting the origin at

1
r=1+sn6=sinf =(xr—1) andy——1+2c089:>6089—%

Since sin? 6 + cos? 6 = 1 we have

(x—1)2+(yzl)2 =1

which is the equation of an ellipse in standard form 2 (major axis parallel to y-axis) with
center at (1,—1),a=1and b= 2.
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(3)

-2 —1
i andy:1+4tan9:>tan9:y—

r =24+ 2secl = secl = 1

Since sec? # — tan?# = 1 we have

(¢-2° (y-1° _,
1 16

which is the equation of a hyperbola in standard form 1 (axis parallel to z-axis) with center
at (2,1), a =2 and b= 4.

(4)

r=tandy=4—-t=y=4—xorx+y=414

which is cartesian equation of a straight line. But since the parameter t varies between
0 <t <4, the given parametric equation represents a line segment as shown in the graph:-

v
(0.4)
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Problem 2: Eliminate the parameter to find the cartesian equation for the following para-
metric curves.

l.z=+vVt,y=1—-t.

2. x =12 y=Int.

3. 0 =12,y =1t

Solutions. (1)
r=\Vt=t=2"

Substituting the value of t in y = 1 —t we get y = 1 — 2% or |2* + y = 1| which is the required
cartesian equation.

(2)

y=Int=t=2¢"

Substituting the value of ¢ in x = t* we get:-

r = e,

(3)

r=t!=2=tandy=1t=4*=1°

Therefore,

r =Yy

is the required cartesian equation. O
Problem 3: Find the parametric equation of the following conic sections.

1. A parabola with vertex at (2,2) and focus at (3,2).
2. An ellipse with center at (—1,4), a vertex at (—1,0) and a focus at (—1,6)
3. A hyperbola with foci at (2,0), (2,8) and asymptotes y = 3 + %x, y=>5— %J:
Solutions. (1) Shift the origin to the vertex (2,2) to obtain new coordinates
X=x—2andY =y —2

In the new coordinates, the focus is at (3 — 2,2 —2) = (1,0). Thus, p = 1.
Since the focus lie on +ve X-axis, the parametric equation is given by

X=12Y=21)torz—2=¢t, y—2=2t

that is

‘x:2+t2, y = 2+ 2t where t € R.

(2) Shift the origin at the center (—1,4) to obtain new coordinates

X=x+landY =y—14
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In the new coordinates, a vertex is at (—1+ 1,0 —4) = (0, —4)
and a focus is at (—1+1,6 —4) = (0,2).

Therefore, a = 4 and ¢ = 2. This implies,
P=a’—=42-22=16-4=12=b=V12=2V3
Since focus and vertex lie on Y-axis, the parametric equation of this ellipse is given by:-
X =bcosh, Y =asinf = z+1=2V3cosb, y —4 =4sinb

that is

x=—142V3cos6, y =4+ 4sin where 6 € [0,27).

(3) We first compute intersection of the asymptotes y = 3 + %x, y=>5— %m to find center.

1 1 1
3+§x:5—§x:x:5—3:2:>y:3+§><2:4

Therefore, center of the hyperbola lies at (2,4). Shift the origin at (2,4) to obtain new
coordinates
X=x—2andY =y—14

The foci in new coordinates are at
(2—2,0—4)=(0,—4) and (2 —2,8 —4) = (0,4)

Therefore,
c=4="=d>+0"=16............ (%)

a 1
Since the foci lie on Y-axis, the slope of asymptotes is given by j:g = ii. Thus, b = 2a.
Substituting b = 2a in (x) we have

16 4 8
a>+(2a)*=16=>a>=— =a=——and b=

5 NG V5

Since the foci are on Y-axis, the parametric equation of the hyperbola is given by:-

4 8
Y =asect, X =btanf =y —4 = —=secl, v —2 = —tan¥

V5 V5

Thus, the parametric equation of the given hyperbola is:-

8 4
r=24+ —tanf, y =4+ ——sect where 0 € |0, 27 w/2,3m/2}.
tandy =4+ 0.27) \ {2,372}




