Math 17100 Section 22866 Homework 4

Problem 1: Let z = 2v/3 — 2i and w = —1 + i. Find polar forms of zw, z/w and 1/z by
putting z and w into polar forms.

Solution. The polar forms of z, w are given by
z = |z|(cosby +isin€y) , w = |w|(cosby + isinby)

where ¢ = arg z and 0, = argw.

For z = 2/3 — 2i

2| = \/(2x/§)2 +(-2)2=4 and 6, =tan™ <__) - T

Forw=w= -1+,

lw] =/ (=1)2+ (1) =2 and 6y =tan" (%):W—%:%T

Then
2w = |z||w|(cos(b; + 62) + isin(6; +65)) and - %(cos(@l — 6) + isin(6; — 6,))
w o |w
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Therefore,

2w = 4v/2( cos(7m/12) + isin(77/12)) and 5 = 2v/2(cos(137/12) + isin(137/12))

i(cos(—é’l) + isin(—6)) =

E

(cos(m/6) + isin(m/6))

IS
e

Problem 2: Use De Moivre’s Theorem to find a and b where a + bi = (1 — v/3i)°.

Solutions. Find the polar form of z =1 — V/3i first.

2 = /()2 4+ (V3)?=2 and arg(z) = tan™' (%g) 5

By De Moivre’s theorem,
2" = |z|"(cos(nd) + isin(nb))

Therefore,

(1-— \/35)5 _ 25(cos(5 X %ﬂ) + isin(5 x %ﬂ)) = 32(005(_%7?) + L'sin(—5—7r))
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So, we have

Hence, a = 16 and b = 161/3.

Problem 3: Find all solutions of the equation 22 + 2z + 5 = 0.

Solution. By the quadratic formula,

2422 -415 -24£v4-20 —-2++/-16 244
= 5 = =

2.1 2 2

=—-1x2

xr =

So, the given equation has two solutions, namely, —1 + 2/ and —1 — 2.

Alternatively, one can use completion of squares,

P +20+5=0=0"+20+14+4=0=(r+1)°=-d=r+l=42i=>0=—-142i
e

(z+1)?

Problem 4: Find all the cube roots of i and sketch them in the complex plane.

Solutions.
i = 1(cos(m/2) + isin(r/2))

So, we need to solve the equation
2% = 1(cos(m/2) + isin(m/2))
Let z = r(cosf + isinf). Then

r®(cos(36) + isin(30)) = 1(cos(m/2) + isin(r/2))

=7r°=1 and 39221@%—1—%2(41@'—1—1)%

for k= 0,41, 42, £3, -

™

=r=1 and 9:(4]€+1)6
But distinct values occur only for £ = 0,1,2. So, we have
z = cos(m/6) + isin(w/6) or =z = cos(br/6)+ isin(bm/6) or =z = cos(97/6)+ isin(97/6)

cos(57/6) = — cos(7/6) = —v/3/2 and  sin(57/6) = sin(7/6) = 1/2
cos(97/6) = cos(37/2) =0 and sin(97/6) = sin(37/2) = —1
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Therefore, the three cube roots of i are
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Problem 5: Write the following numbers in the form a + bi.

im/3 7 e—LTr 7 62+L7r

Solutions. By Euler’s Formula, .
e = cosf + isiné
So, we have
1
™3 = cos(m/3) + isin(n/3) = 5+
e'™ = cos(—7) + isin(—7m) = -1+

e2Tim — 2 oim eQ(COS(ﬂ') + LSin(W))

0i
e*(—

2

1+0i) =



