Math 17100 Section 22866 Homework 5

Problem 1: Describe and sketch the surface in R? represented by the following equations:-
l.o4+y=2

2. 224+ 22=9

3.2+ P +22 20 —-22-2=0

Solution. (1) x +y = 2 is the equation of a plane that intersects the z-axis at (2,0,0), the
y-axis at (0,2,0) and does not intersect the z-axis at all.

Y

(2) 22 + 2% = 9 is the equation of a cylinder of radius 3 and axis being the y-axis.

Y

(3) Use completion of squares to bring in standard form.

420 -2:-2=0= (2" 224+ 1-1)+ P+ (2P —22+1-1)-2=0
(z—1)2 (2-1)2
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= (-1 +y"+(z-1)7=4
This is the equation of a sphere with radius 2 and center at (1,0, 1).
Y

O
Problem 2: Find the equation of a sphere centered at (0,0, 1) and passing through the origin.

Solution. Since the sphere passes through origin, the distance between origin and the center
(0,0,1) is the radius. Therefore,

r=+(0-02+0-02+(1-0)2=1
Then the equation of the given sphere is
(02 +@w—-0>+(z—-1) ==+ +22-22+1=1

which is

‘x2+y2+22—2220‘

Problem 3: Let @ = 4i + 3] — k and b be the vector from A(0,3,1) to B(2,3,—1).

1. Find the components of b and write it in the form xi + yj + k.
2. Find 4a — 3b and |@ — b|.
3. Find the vector that has the same direction as b but has length 4.

4. Find the unit vector in the direction of b — a.

Solution. (1) b= (2—0)i+(3—3)]+ (=1 — 1)k =2i —2k

Therefore, the components are b, = 2, b, =0, b, = —2.
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(2)
43— 3b = 4(4i + 3j — k) — 3(2i — 2k) = 161 + 12 — 4k — 6i + 6k = 10i + 12 + 2k
G—b=4i+3]—k—(2—2k)=2+3j+k=|a—b=V2+3+12=114

(3) The vector with length 4 and direction same as b is 4 times the unit vector in the direction
of b. Thus, such a vector is given by

4&24 21 — 2k _422—2k 4

c ol A A o B o
7 RN C AN S (2i—2k) = k=2v21-2V2k

(2i—2k) = 57

4
22

—~

4)

~

b—d=2—2k—(4i+3j—k)=—2—3]—k=|b—adl =(-2)2+ (=32 + (-1)2 = V14

The unit vector in the direction of b — @ is then given by

b—a —2i—3j—k 2 5 8 . 14
= - = — 1 — —
15—l V1l Vil Ty’ T v

Problem 4: Let @ =1+ andl;:ff—j.

1. Compute a@.b and find the angle between @ and b.
2. Find the direction cosines and direction angles of the vector @ — b.
3. Find the scalar and vector projections of @ + b onto b.

4. Find the unit vector orthogonal to @ and parallel to b.
Solutions. (1) @.b = azby + ayb, + a.b, = (1)(0) + (1)(=1) + (0)(1) = —1

@l = P+ 1P+ (02 =v2 and [o] = (0)* + (-1)? + (1) = v2

The angle 6 between a@ and b is given by

(2) The direction cosines of a vector j are given by

Dy P

cosa:p—x , cosff=—= , cosy=-—
1] |71

1l

Now, @ —b=(i+j)— (k—j)=i+2j—kand |d—b| = /(1> + 22+ (—=1)% = V/6.

Therefore, the direction cosines of a — b are given by

cosa = , cosf = , CosSy =

5-
5
5L
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Then the direction angles would be

() e () e ()
Qo = coS NG , = COS NG , Y =T — Ccos -

(3) The scalar projection of a vector p’onto a vector ¢ is given by
comp(jﬁ =p.q

where ¢ is the unit vector in the direction of ¢. The vector projection of p'onto ¢ is given by

A~

proj;p = (p.q)q

Nowﬁ:&’ng:(%—i—j)—i—(iﬂ—j’):%—l—ffandq: =

The scalar projection of @ + b onto b is then given by

~ 1

= 4+ D)5 J) = (00 + O)(-D+ (D) =

The vector projection of @ + b onto b is then given by

1 1 1 SO P

(Pa)i = 5= 77k —j) = 5(k=J).
(4) Let p'be the unit vector orthogonal to @ and parallel to b.
Since p'is parallel to 5, it has to be proportional to b. Therefore,
p=ck— ¢y
for some scalar ¢ € R.
Since p is orthogonal to d@, we must have p.a@ = 0. Therefore,
(ck—c)).(i+7)=0= (0)1)+ (—)(1)+()(0)=0=> —c=0=c=0
Thus, we must have 5= 0, but then |[p] = v/02 + 02 4 02 = 0 and 7 cannot be a unit vector.

Hence, there is no such vector which is orthogonal to @ and parallel to b. O
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Problem 5: Find the following vectors, without using determinant, but by using the prop-
erties of cross products.

1. (ix))xk
2. (142)) x (i — j + 2k)
Problem 6: Let P(0,—-2,0), Q(4,1,—2), R(5,3,1) be points in the 3-D space.

1. Find the area of the triangle PQR.

2. Find a nonzero vector orthogonal to the plane passing through points P, () and R.

Problem 7: Find the volume of the parallelepiped determined by the vectors

i+ 27 + 3k

a
b=—i+j+2k
=2+ + 4k



