Math 17100 Section 22866 Page 1 Homework 7 Solutions

Problem 1: Find the vector, parametric and Cartesian (also called symmetric) equation of
the following lines:-

1. The line that passes through the points (—8,1,4) and (3, —2,4).

Solution: The vector equation is 7(t) = @ + tv, t € R, where @ is the position vector of
one of the points and v is the direction vector of the line.

T=0B-(-8)i+(-2-1)j+(d-4)k=11:-3)
Choose the point (—8,1,4) for @. Then
i=—8i+]+4k

so that )
7(t)=—-8i1+j7+4k+t(1l:—3y), teR

Thus, the vector equation of the given line is

F(t) = (=8 +11t)i + (1 — 3t)) + 4k, teR

The parametric equation will then be

x(t)=—-8+11t, y(t)=1-3t, =z2(t)=4, teR

And the cartesian equation would be

r+8 y-—1
11 =3

, z=4

2. The line that passes through the point (2,1,0) and is perpendicular to both i+ and
Jj+k.
Solution: We have one point, that is, @ = 2 + i and direction will be given by the
vector that is perpendicular to both ¢ + 5 and j + k. So,

T=(+)x(G+k)=@x)+Exk)+(Gx))+0xk)=k—7+0+1
Thus,ﬁ:%—j—i—/%and we have
Ft)=a+t0=2i+j+t(—j+k)=C+8)i+(1—1)j+tk, teR

Thus, the vector equation of the given line is

Ft)=Q2+t)i+(1—t)j+tk, teR

The parametric equation will then be

w(t) =2+t ylt)=1—t, =2(t)=t, teR

And the cartesian equation would be

’x—?zl—y:z‘
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x z+1
3. The line that passes through the point (—6, 2, 3) and is parallel to the line 5= % =—
Solution: The required line passes through d = —61 + 25 + 3k and since it is parallel
to the line = = ¥ = 211 it direction that of L= = 2+1
o the line o = 2 = ——, its direction is same as that of 5 = 5= ——.

Hence, we have 7 =21+ 3 + k. So that
Flt)=d4+10=—614+2+3k+t(20+3]+k) = (=6 +20) i+ (2+3t)j+ (3+ 1)k

Thus, the vector equation of the given line is

Ft)=(—64+20)1+(2+3)7+B+t)k, teR

The parametric equation will then be

x(t)=—-6+2t, y(t)=24+3t, =z2(t)=3+t, teR

And the Cartesian equation would be

r+6  y-—2
2 3

=z—3

4. The line that passes through the point (1,0,6) and is perpendicular to the plane
T+ 3y +2=2>5.

Solution: The required line passes through @ = ¢ + 6k and since it is perpendicular to
the plane x + 3y + 2z = 5, its direction is same as the normal vector of z + 3y + z = 5.
Hence, v =1+ 37 + k and we have

Ft)=i+6k+t(i+3j+k) =0+t i+3tj+6+t)k

Thus, the vector equation of the given line is

Ft)=(Q+t)i+3tj+6+0)k teR

The parametric equation will then be

x(t) =1+t y(t)=3t =z(t)=6+t teR

And the Cartesian equation would be

<

—1===2-6
T 3 z
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Problem 2: Determine whether the lines L; and L, are parallel, skew or intersecting. If they
intersect, find the point of intersection.

Solution: The direction of Ly is
U =2i—j+3k

and the direction of Lo is R A X
Uo=4i—27+5k

If L, Ly were parallel, we would have some scalar o € R such that 7 = a 95, so that

1
2=4da=>a=—
(0] (6] 5

1
(6] (6] 2

3
3=ba=a=-
« « 5

which is inconsistent. Therefore, L; and L, are not parallel.

Now in parametric form we have
Ly :x(t) =342, y(t) = 4—t, 2(t) = 143t and Ly : x(s) = 14+4s, y(s) = 3—2s, z(s) = 4+5s

Equating x, y and z, we get

342t =1+4s...... (1)
A—t=3-2s...... (2)
1+3t=4+5s...... (3)

Solving (1) and (2) for t and s we have:- t =4 — 3+ 2s = 1 4 2s from (2). Substituting
this for ¢t in (1) we get 3+2(1+2s) =1+4s=3+2+4s=1+4s=5=1 which is
not possible for any value of ¢ and s. Therefore, the given lines have to be .

Li:x=5—-12t, y=34+9, 2=1-3t ; Ly:x=3+8s, y=—6s, z=7+2s
Solution: The direction of Ly is
Ui =-121+95 — 3k

and the direction of L4 is R A )
Up=8i—65+2k
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If Ly, Ly were parallel, we would have some scalar a € R such that v; = a 05, so that

3
—12=8a=a=—>
o (6] 9

3
9=—6a=a=——
« (0% 9

3
-3 =20 = = ——=
(0% (0% )

which is consistent. Therefore, the given lines L; and Ly are | parallel |.

r—2 y—-3 z-1 x—3 y+4 z-2
' 1 3 —7

and the direction of L4 is R
Uo=14+3]—Tk

If Ly, Ly were parallel, we would have some scalar a € R such that ©; = a vs, so that
l=a=a=1

—2=3a=a=—

—d3=—-Ta=a=

W wl N

which is inconsistent. Therefore, L; and L, are not parallel.

Now, in parametric form, we have
Li:x=24+t,y=3—-2t,2=1—-3t and Ly:x=34+s,y=—-4+3s,2=2—17Ts

Equating x, y and z we have

24t=34s5...... (1)
3—2=—4+3s...... (2)
1-3t=2—Ts...... (3)

Solving (1) and (2) for ¢t and s we have:- ¢ = 1+ s from (1). Substituting this in (2) we
get 3—2(14s) = —443s = 1-2s = —443s=5s=5=>s=1=>t=1+s=1+1=2.

So we get t =2, s =1 from (1) and (2). Now we plug these values of ¢ and s in (3).
1-32)=2-71)=1-6=2—7= —5=—5

Therefore, the three equations are consistent and the given lines Ly and Ly [intersect |
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To find the point of intersection, either put ¢ = 2 in parametric equation of Ly or s =1
in parametric equation of Ly. So we have

r=2+2y=3-2(2),2=1-32)=2x=4,y=-1,2=-5

Hence, the point of intersection of L and Ly is|(4,—1,—5) |

Problem 3: Find the vector and Cartesian equation of the following planes.

1. The plane passing through the points (2, 1,2), (3, —8,6) and (-2, —3,1).
Solution: From these three point we can find two vectors that lie in the plane.

Choosing one of them to be the vector from (2,1,2) to (3, —8,6) we get
Hh=0B-2i+(-8-1)j+6-2)k=1-9)+4k

and the other one to be the vector from (3, —8,6) to (—2,—3,1) we get

Uy=(-2-3)1+(-3+8)j+(1—6)k=—5i+5] —5k

Then a normal vector to the plane is given by © = v} X 5. So we have

~ ~

i 7k ) ) )
A=|1 -9 4|=251—157—40k
-5 5 -5

The vector equation of a plane is given by .77 = d@.7 where 7 is a normal vector to the
plane and @ is the position vector of some point in the plane.

Choosing the first point (2,1,2) we have @ = 2 + j + 2 k. Then
a.n=>50—15—80= —45

So we have A A
7.(251— 155 —40k) = —45=7.(5i—3j5 —8k) = -9
where in second step, 5 was factored out from both sides and canceled.

Thus, the vector equation of the given plane is

7.(51—3)—8k)+9=0

And the Cartesian equation is

52— 3y —82+9 =10]

2. The plane passing through the point (2,0,1) and perpendicular to the line x = 3t,
y=2-—1t, 2=344t.

Solution: For some point in the plane we have @ = 2 + k. Since the plane is perpen-
dicular to the given line, its normal vector has to be parallel to the direction vector of
this line. Now the direction vector of the given line is

T=3i—j+4k
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So, a normal vector to the plane is
R=3i—j+4k

We have
an=2(3)+0(-1)+1(4) =10

Therefore, the vector equation of the given plane is

7.(31—j+4k) =10

And the Cartesian equation is

13z —y+42=10|

3. The plane passing through the point (3, —2,8) and parallel to the plane z = x + y.

Solution: We have @ = 31— 27 + 8 k. Since the plane is parallel to the plane z = = + v,
its normal vector is parallel to that of z = # 4+ y. Thus, a normal vector to the required
plane can be taken to the normal vector of the plane z = z +y or x +y — z = 0. Hence,

~

R=1+4+j—k

We have
an=3(1)—2(1)+8(-1) = -7

Therefore, the vector equation of the plane is

F(i+j—k)=-7

And the Cartesian equation is

]a:+y—z:—7‘

4. The plane that passes through the point (3,5,—1) and contains the line x = 4 — ¢,
y=2t—1, 2= -3t

Solution: We have @ =3¢ +57 — k. The plane contains the line
L:z=4—-t y=2t—-1, z= -3t

which has direction vector ¥ = —i + 27 — 3 k. We also see that L passes through the
point (4, —1,0). Since the line lies in the plane this point and the direction vector ' both
lie in the plane. Thus, the vector joining (3,5,—1) to (4,—1,0) also lie in the plane.
This vector is given by

~

W=(4-3)i4+(-1-5)]+0+1)k=1-6]+k

Now the normal vector is perpendicular to the plane and hence perpendicular to both
¥ and W since these vector lie in the plane. Thus,
T k R R R
n=vxw=|-1 2 =3=-160—25+4k
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So, we have ) ) ) o R
7 (=161 —254+4k)=—-62=7.(8i+j—2k) =31

where in the second step —2 was factored out from both the sides and cancelled. Thus
the vector equation of the given plane is

F.(81+j—2k) =31

And the Cartesian equation is given by

’8:U+y—3z:31‘

5. The plane passing through the point (1,5,1) and perpendicular to the planes
20 +y—2z=2and v+ 3z = 4.

Solution: We have @ = i + 5 + k. Since the plane is perpendicular to two given
planes, its normal vector is perpendicular to the normal vectors of the two given planes
2x +y — 2z =2 and x + 3z = 4. The normal vectors of these planes are

i=2i+7—2k
ity =1+ 3k

Thus, the normal vector 7 of the required plane is

~

i 7k S
R=i Xfs=12 1 —2/=31—8j—k
10 3

Then @.7 = 1(3) + 5(—8) + 1(—1) = —38.

Therefore, the vector equation of the plane is

F(31—8) —k)=—38

And the Cartesian equation is

131 — 8y — 2 = —38]

Problem 4: Consider the planes P; : 3x — 2y + 2z =1, P : 20 + y — 3z = 3 and the line
L:x=2-2t,y=—-15—1t, z=1+4t.

1. Find the points of intersection of L with P; and P>.
Solution: Point of intersection of L and P;:-

Put t =2 —2t, y = —15—1t, z = 1 + 4t in the equation 3z — 2y + z = 1 of P;. We get

3(2—2) —2(=15—t) + (1+4t) =1 =>6—6t+30+2t+1+4t=1=37=1

which is inconsistent. Since the coefficient of t becomes 0 on the Left hand side the line
L is parallel to P;. So it can either completely lie in the plane or not intersect P; at all.
But if it would have been completely lying in the plane we would have got 1 = 1 which
is not the case. Therefore, | L does not intersect P; |.
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Point of intersection of L and Ps:-

Put x =2 —-2t, y=—15—1t, 2 =1+ 4¢ in the equation 2z + y — 32z = 3 of P». We get

22—=2t)+(=15—1)—3(14+4t) =3 =4—4t—15—-t—-3—-12t =3 = —1Tt = 1T=t = —1
So, the line L intersects P, and the point of intersection is given by

r=2-2(-1)=4, y=-15—(=1)=—14, z=1+4(-1)=-3

Thus, the point of intersection of L with Py is | (4, —14, —3)|.

2. Find the angle between P; and P.

Solution: The normal vectors of P, and P, are
h=3i—2]+k
ity =20+ —3k
The angle between P;, P, is same as the angle between 77; and 75. Thus,

il (VER T (22 + () (VP + (2 + (3P)  VIAVid 14

1
Therefore, the angle between the two given planes is |8 = cos™ (ﬁ) .

3. Find the equation of the line of intersection of P, and Ps.

Solution: The line of intersection of P; and P; is perpendicular to both 77; and 7i5. Thus,
the direction vector of the line of intersection is
ik
1 X T_ig =13 =2 1
2 1 =3

=5i+117+7k

<y
I
3!

To find a point lying on the line of intersection we solve the equations of two given
planes for z, y, z. Since there are three variables and just two equations, we let z = 0
and then we get

From (2) we get y = 3—2z. Putting thisin (1) we have 3z —2(3—2z) =1=Tz—-6=1
=Tr=T=2x=1=y=3-2r=3-2(1) =1. Thus, (1,1,0) is point lying on the
line of intersection. Now we have the equation of the line of intersection to be




