Math 17100 Section 22866 Homework 9

Problem 1: Sketch the following curves.

L At)=ti+2—t)j+Q+t)k t<1

Solution: The given curve is a ray starting from (1, —1,2) in the direction —i 4] — k.

Y

2. F() =24+t i+ +t)j+(1—t)k 1<t <2
Solution: The given curve is a line segment joining the points (3,2,0) and (4,3, —1)

Y

(4,3,-1)

(3,2,0)
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Problem 2: Sketch the graphs of the following functions of two variables. Use the knowledge
quadric surfaces if needed.

L f(z,y) = a?
Solution: The graph is given by z = 22 which is a parabolic cylinder whose axis is y-axis.

2. f(z,y) =10 —4x — by
Solution: The graph is given by z = 10 — 4z — 5y which is a plane.
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3. f(r,y) =2—a% -y
Solution: The graph is given by z = 2 — 2% —y? or —(z —2) = 2? +? which is an elliptic
paraboloid with vertex at (0,0,2) and axis being -ve z-axis.

4. f(z,y) = /42?4 y?

Solution: The graph is given by 2z? = 42% 4+ y? and z > 0 which is the upper part of a
cone with vertex at (0,0,0) and axis being the z-axis.

AWAWCT A
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5. fle.y) = /I~ da? — 2

Solution: The graph is given by 422 + y? + 2? = 4 and z > 0 which is the upper part of
an ellipsoid centered at (0,0,0).

Problem 3: Sketch the level curves (also called contour curves) of the following functions of
two variables for the level values k = —2,—1,0, 1, 2.

L flz,y)=vVr+y

Solution: The level curves are y = k — \/x for various values of k.

y
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2. flz,y) ==y

k
Solution: The level curves are y = — for various values of k.
x

Vo

k=1 K_—1

3. f(:v,y) = 1'2 _y2
Solution: The level curves are 22 — y? = k for various values of k.
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4. f(z,y) = ye*

Solution: The level curves are k = ye® or y = ke™™.

y

k=0

5. f(z,y) =y — tan~*(z)

Solution: The level curves are y = k + tan™'(z) for various values of k.

y

5 _10

k=0

k=—1

k=-2
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Problem 4: Convert the following Cartesian coordinates into cylindrical and spherical coor-

dinates.
(=1,1,1) (=v2,v2,1) (1,0,v/3) (V/3,-1,2v/3)

Solution: For (—1,1,1):-
r= \/x2+y2 = \/(—1)2+(1)2 =42

A AN A -
0 = tan <5) = tan (_—1 =T
p=y1t+y?+ 22 = /(12 + (1) + (1) = V3

¢ = tan™! (@> = tan~! (\/5) = tan"(v/2)

z

Thus, the cylinderical coordinates are (/2,3 /4, 1) and spherical coordinates are (\/g, 3 /4, tan’l(\/ﬁ)).

For (—v/2,v/2,1)--
=V = (V2P + (VAR =2

0 = tan~! <%) = tan~! (%) = ??TW

p= VBT 2 = (VD2 (VD2 + (1) = V5

¢ = tan™! (ﬂ> = tan~! (%) = tan"1(2)

Thus, the cylinderical coordinates are (2, 37/4, 1) and spherical coordinates are ( V/5,3m/4, tan ™! (2))

For (1,0,/3):-
r=+r2+y2=,/(1)2+(0)2=1

0
0 = tan~! <y) = tan~! (—) =0
T 1

p= VTP = (12 4+ (0 + (V3 =2
¢ = tan! (—m) = tan~! ( ! ) T

z

V3) "6

Thus, the cylinderical coordinates are (1,0, \/3) and spherical coordinates are (2, 0,7/ 6).

For (\/§,—1,2\/§):—
= VAT r g = (VB + (-2 =2

—1 11
0 = tan—! <g) = tan~! (—) = _7T
T V3 6
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2 +y? 422 = \/(x/§)2 +(-1)2+ (2v3)2 =4
¢ =tan~! (@) = tan~! (%) =7/6

Thus, the cylinderical coordinates are (2, 117 /6, 2v/3) and spherical coordinates are (4, 117 /6, 7/6).

Problem 5: Convert the following cylinderical coordinates into Cartesian and Spherical
coordinates.

(4,7/3,-2) (2,-7/2,1) (V2,37/4,2)
Solution: For (4,7/3,—2):-
x =rcosh =4cos(r/3) =2
y = rsinf = 4sin(r/3) = 2V/3
p= VI = T (27 = 25

¢ =tan~! (g) = tan~! (%) =7 —tan~'(2)

So, Cartesian coordinates are (2,2+v/3, —2) and spherical coordinates are (2v/5, /3, 7—tan™!(2)).

For (2, —m/2,1):-

x=rcosf =2cos(—7m/2) =0

y =rsinf = 2sin(—7/2) = -2
p=Vr2+22=./(22+(1)2=5

¢ = tan™? (g) = tan™! (%) = tan~1(2)

So, Cartesian coordinates are (0, —2,1) and spherical coordinates are (\/5, —m/2, tan‘1(2)).

For (v/2,37/4,2):-
x=rcosf =+/2cos(3r/4) = —1
y =rsinf = v/2sin(37/4) = 1

p=vVrP 42 = \[(V2)+ (2 = V6

¢ = tan! (g) = tan™! (?)

So, Cartesian coordinates are (—1, 1,2) and spherical coordinates are (v/6, 37 /4, tan~*(1/v/2)).

tan~"(1//2)
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Problem 6: Convert the following spherical coordinates into Cartesian and cylinderical co-
ordinates.

(6,7/3,m/6) (3,7/2,3w/4) (2,7/2,7/2)
Solution: For (6,7/3,7/6):-
x = pcosfsin¢g = 6cos(m/3)sin(7/6) = 3/2
= psinfsin ¢ = 6sin(7/3) sin(7/6) = 3v/3/2
z=pcos¢ = 6cos(m/6) = 33
r=psin¢ = 6sin(r/6) = 3
So, cylindrical coordinates are (3,7/3,3v/3) and Cartesian coordinates are (3/2,3v/3/2,3v/3).

For (3,7/2,3m/4):-

x = pcosfsin¢ = 3cos(m/2)sin(3r/4) = 0

y = psinfsin ¢ = 3sin(n/2)sin(37/4) = 3/v/2

z=pcos¢ = 3cos(3r/4) = —3/V/2

r = psing = 3sin(37/4) = 3/v/2

So, cylindrical coordinates are (3/v/2, w/2, —3/+/2) and Cartesian coordinates are (0,3/v/2, —3/v/2).

For (2,7/2,m/2):-

x = pcosfsin¢g = 2cos(m/2)sin(r/2) =0
y = psinfsin ¢ = 2sin(7w/2) sin(r/2) = 2
z=pcos¢ = 2cos(m/2) =0

r = psin¢ = 2sin(7/2) = 2

So, cylindrical coordinates are (2,7/2,0) and Cartesian coordinates are (0,2, 0).

Problem 7: Describe and sketch the surface whose equation in cylinderical coordinates is
the following

l.r==z
Solution: Equation in Cartesian coordinates is: y/22 + 92 = z = 22 +y*— 2% and 2z > 0.

This represents the part lying above zy-plane, of a cone with vertex (0,0,0) and axis
being z-axis.
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2. r=2

Solution: Equation in Cartesian coordinates is: y/22 + 42 = 2 = 2% + y? = 4 which is
circular cylinder whose axis is the z-axis.

-10




Math 17100 Section 22866 Homework 9

3. 0=m/6

T
Solution: Equation in Cartesian coordinates is: tan™! (—) =35
x

= y_ tan(r/6) and z >0, y >0 = x — /3y =0, x > 0, y > 0 which is a half-plane.
x

4. 12+ 22 =4

Solution: Equation in Cartesian coordinates is: z? + 3? + 22 = 4 which is sphere of
radius 2 centered at (0,0,0).

5. r=2sin6

Solution: Equation in Cartesian coordinates is: \/x2? + y? = 2

Y
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= 22+ y* -2y =0 = 2>+ (y — 1)? = 1 which is a circular cylinder with axis passing
through (0, 1,0) and parallel to z-axis.

Problem 8: Describe and sketch the surface whose equation in spherical coordinates is the
following

1. pcosp =1

Solution: Equation in Cartesian coordinates is: z = 1 which is a plane whose normal
vector is k.

2. p=cos¢

2
Solution: Equation in Cartesian coordinates is: p= - = p? =2 = 22+’ + 22 = 2 =
)

N 1
Y+ <z - §> =1 which is a sphere of radius 1/2 centered at (0,0, 1/2).
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3. p=7/3

z 1
Solution: =cos(r/3) === a2 +y*+2* =42 and 2 > 0

/l'2+y2+22 2

= 2% +y? = 32% and z > 0 which is the upper half (part above the zy-plane) of a cone
with vertex at (0,0,0) and axis being the z-axis.

4. p = cosf cos ¢

x z

Solution: \/x? +y? + 22 = = (22 + 2 + 22) (V22 + y?) = 22
Va2 + 2 /a? +y? + 22 ( X )

which is not a quadric surface. The surface is shown in the figure below:-
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5. 0 =nm

Solution: In Cartesian coordinates we have tan—! <g) =7 = y =0 and x < 0 which
x

is a half-plane.
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Problem 9: Write following Cartesian equations in cylinderical and spherical coordinates.

12> —x+y*+22=1
Solution: In cylindrical coordinates we have:-
(rcosf)? — (rcosf) + (rsinf)?+22=1=r2—rcosf +22=1
In spherical coordinates we have:-

(2 4+y*+2°)—x=1= p?> —pcosfsing =1

2. 2z =% —?
Solution: In cylindrical coordinates we have:-
z=(rcosf)? — (rsinf)? = z = r?cos 26.
In spherical coordinates we have:-

pcosd = (pcosBsinp)? — (psinfsin@)? = cosp = psin® ¢ cos 20.

3. 2z =% +9?
Solution: In cylindrical coordinates we have:-
z=(rcosf)? + (rsinf)? = z = r2
In spherical coordinates we have:-
pcos ¢ = (pcosBsing)? + (psinfsin ¢)? = cosp = psin? .
4. 2?2 — 2 -2 =1
Solution: In cylindrical coordinates we have:-
(rcos@)? — (rsinf)? — 22 =1 = rcos20 — 22 = 1.
In spherical coordinates we have:-
(pcosBsing)? — (psinfsin¢)? — (pcos@)? =1 = p%sin® ¢ cos 20 — p?cos? ¢ = 1.

Problem 10: Identify and Sketch the surfaces with the following parametric/vector equations.

L 7(u,v) = (u+v)i+(3—v) ]+ (14 4u+50) k
Solution: In parametric form we have:-
z(u,v) =u+v, y(u,v) =3 — v, z(u,v) =1+ 4u+ 5v
Eliminate the parameters u and v to get the Cartesian equation:-
=3—-v=>v=3—y. Sincexr=u+v,wehaveu=or—-—v=2x—-3—y)=x+y—3.
z=1+4du+5v=z2=14+4(r+y—3)+538—y)=>z2=40—y+4

= 4xr — y — 2z + 4 = 0 which is the equation of a plane as shown in the figure below:-
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2. v =u?, y=wucosv, z=usinv
Solution: Eliminate the parameters v and v to get the Cartesian equation:-
y? + 2% = (ucosv)? + (usinv)? = u?(cos? v + sin®v) = u? =z

Thus, the Cartesian equation of the given surface is x = y* + 2z? which an elliptic
paraboloid with axis being the z-axis and vertex at (0,0,0).
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3. = (cost)(secs), y=3(sint)(secs), z =tans
Solution: Eliminate the parameters s and ¢ to get the Cartesian equation:-
22+ (y/3)? = sec? s (cos?t +sin?t) = sec®s = 22 + (y/3)% — 22 =sec’ s — tan’s = 1

2
Thus, the Cartesian equation of the given surface is x2+%—z2 = 1 which is a hyperboloid

of one sheet whose axis is the z-axis.

- N\AE

T ANAVAT

4. r=3 cost,y=s, z=sint, -1 <s < 1.

Solution: Eliminate the parameters s and ¢ to get the Cartesian equation:-

2 2 2 . 2 :E2 2 . . . . .
(/3)* + y* = cos®t +sin“t = 1 = 5 + y* = 1 which is the equation of an elliptic
cylinder whose axis is the z-axis. Since the parameter s has range limited to —1 < s <1
and z = s, we have —1 < z < 1. Thus, the cylinder has finite height.
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Problem 11: Find the parametric equation for the following surfaces

~

1. The plane through the origin that contains the vectors ¢ — j and j — k.

Solution: Vector equation of a plane passing through a point (g, yo, 20) and containing
two non-parallel vectors @ and b is given by:-

m(u,v) = :170%+y05+201%+ud’+v5
where u, v range over all real numbers.
For this case the point is (0,0,0), @ = 1 — j and b= J— k. Thus, we have

~

Fu,0)=u(i—))+v(j—k) =ui+@w—u)j—vk

Therefore, the parametric equation of the given plane is given by:-

‘m:u, Yy=v—u, z:—v‘

2. The part of the hyperboloid 422 — 4y? — 2? = 4 that lies in front of the yz-plane.
22y 2 22 y: 2
Solution: The given equation is T 1 71° lor —— (—+ —) =1
2 L2

Using sec? ¢ — tan? ¢ = 1 we let x = sec ¢ and yT + 1= tan? ¢.

z
Using sin? § + cos?§ = 1 we let y = cosf tan ¢ and 5= sin @ tan ¢.
Since we want only the part that lies in front of the yz-plane, we have to ensure x > 0.

So, we limit the range of ¢ to —7/2 < ¢ < /2.

Therefore, the parametric equation of the given surface is:-

r=secop, y=-cosbtang, z=2sinftan¢, —7/2<¢p<7/2,0€cR

ALTERNATIVELY,

1
Let y = u, z = v. Then4x2:4—|—4u2—|—02:>x2:z(4+4u2+1)2).

1
=T = :|:§\/4 + 4u? + v%. Since we want the part which lies in front of yz-plane, we

have to choose x > 0. Therefore, the parametric equation of the given surface is:-

1
x=§v4+4u2+v2, y=u, z=v, ueR,veR

3. The part of the ellipsoid 2% 4 2y? + 322 = 1 that lies to the left of the xz-plane.

Solution: To left of xz-plane, we have y < 0. Let x = u, 2 = v. Then

1
2y? =1 —u? — 302 :>y2:§(1—u2—3v2) = y = +./0.5(1 — u? — 3v?)

We choose y < 0 since we want the part to the left of xz-plane.
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Therefore, the parametric equation of the given surface is:-

r=u, y=+051-u2-302), z=wv, wu,v¢ERsuchthatu®+30?<1

4. The part of the sphere 22 + y? + 2? = 4 that lies above the cone z = /22 + y2.

Solution: Shown below are both the given sphere and the given cone.

We want the part of sphere lying above the cone. So we want to have z > \/m
This implies 22 > 22 + 2.

But since we are considering points lying on the sphere we have 22 = 4 — (22 + 3?).
Thus, we should have 4 — (22 +y?) > 22 + ¢y*> = 2(2? +9°) <4 = 22 + > < 2.
Now let # = u, y = v. Then 22 =4 —u? —v?> = 2 = +V4 — u2 — 2.

Since we want the part of sphere lying above the cone, we have to choose z > 0.
Thus, z = V4 — u? — 02 and u? + 0% < 2.

Therefore, the parametric equation of the given surface is:-

r=u, y=v, z=+V4—u2—1%, u,v€ R suchthat u®+0v?<?2
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5. The part of the cylinder 22+ z? = 9 that lies above the zy-plane and between the planes
y=—4and y =4.

Solution: The given cylinder has its axis to be y-axis. Let + = v and y = v.

Since we only want the part that lies between the planes y = —4 and y = 4, we have
-4 <v <4

Now, 22 = 9 —u? = z = £1/9 — u2. But we choose z > 0 because we are considering
the part of cylinder that lies above the zy-plane.

Therefore, the parametric equation of the given surface is:-

r=u, y=v, z=VvV9—u?, -3<u<3, -4d<v<i4

The given surface looks as shown below:-




