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Learning objectives:

1. Compute limits using the limit laws.

2. Compute limits using the direct substitution property.

3. To be able to apply the squeeze theorem.

Limit Laws
Let lim

x!a
f (x) = L and lim

x!a
g(x) = M. Then we have

1. lim
x!a

[ f (x) ± g(x)] = L ± M .

2. lim
x!a

f (x)g(x) = LM .

3. lim
x!a

f (x)

g(x)
=

L
M

provided that M , 0.

4. lim
x!a

c f (x) = cL .

5. lim
x!a

c = c where c is a constant.

6. lim
x!a

x = a.

7. lim
x!a

[ f (x)]
n = Ln

.

8. lim
x!a

n
p

f (x) =
np
L, given that L � 0 if n is even.

Example 1.

Evaluate the limit

lim
x!0

3x2 +
p

x + 1

2x2 � x + 2
.
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Direct substitution property
If f is a polynomial or a rational function and a is in the domain of f , then

lim
x!a

f (x) = f (a) .

Example 2.

Evaluate the limit lim
x!3

x2 � 9

x � 3
.

Example 3.

Evaluate lim
h!0

(3 + h)
2 � 9

h
.

Am 313 91 1
x2 9 x 32 x 3 2 3 indeterminate

Factorizenumerator

L1 2 3

F 15 21 3
andor denominator

3 3 6
Direct substitution
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Expand the square in numerator
difference of squares

3 4 32 3 4 3 3 4 3 3 4 3 3 4 3
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Example 4.

Find lim
t!0

p
t2 + 9 � 3

t2
. FEE

numerator is a difference

of onemore radicals

1 01 rationalize the numerator

I FÉE 3
diff of squares

t F9 3

IT 5 9 32

t 179 3

39 9 E50 2 59 3 10 179 3
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Example 5.

Prove that lim
x!0

|x|
x

does not exist.

Example 6.

If f (x) =

8>><
>>:

p
x � 4 if x > 4 ,

8 � 2x if x < 4 ,
then determine whether limx!4 f (x) exists.
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The Squeeze Theorem
If f (x)  g(x)  h(x) when x is near a, except possibly at a itself, and

lim
x!a

f (x) = lim
x!a

h(x) = L ,

then

lim
x!a
g(x) = L .

Example 7.

Show that lim
x!0

x2
sin

1

x
= 0.

fax

Festiva

EEaatbecause sin function
second As x o I a at to oscillates
limit does between 1 andnot exist and does not give

a definiteanswer

1 sin 4
Multiply both sides of the two inequalities by x

x2sinte x

the inequalities remtain the same because m is always
tve

fix gcse hix
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Lifo9 1 Gmo x sin b 0 using SqueazeTheorem
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Example 8.

Evaluate lim
t!0

✓
1

t
� 1

t2 + t

◆
.

Example 9.

Evaluate lim
x!3

1

x � 1

3

x � 3
.
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common denominator

5 and wrote as a single
fraction
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Example 10.

Evaluate lim
t!0

p
1 + t �

p
1 � t

t
.


