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Learning objectives:

1. To di↵erentiate an equation of the form f (x, y) = 0 with respect to x.

2. Apply this to find equations of tangents and/or normals.

What is implicit di↵erentiation?
When we do not have an explicit dependence of y on x like y = f (x) for some

function f but instead we have an equation involving both x and y. For example:

x2 + y2 + xy = 1 .

In such cases one can di↵erentiate with respect to x to find dy/dx in terms of both

x and y.

Example 1. Di↵erentiate the following with respect to x:

1. y.

2. y2
.

3. y3
.

4. yn
.

 

Y 11

In 42 1g t date chain rule

24 11
93 day 93 dya chain rule

392 11g

yn day yn dye my dype
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Example 2. Di↵erentiate the following with respect to x:

1. xy.
2. xy2

.

3. xy3
.

4. x2y.

5. x4y6
.

ay x y x dancy Product rule

Y a dye

ay I a y x y Productrule

y x day ya dye Chain rule

y 224 the

nys a y a da y3
chain rule

y 3242dye

ay x2 y at y

224 x dye

In x y a y x G y 42y 6244511
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Example 3.

1. If x2 + y2 = 25, find dy/dx.

2. Find an equation of the tangent to the circle x2 + y2 = 25 at the point (3, 4).

x y 25

Diff both sides wirt 2

n 42 25 x2 1,42 0

2x 1g142 1 0

2x 29 daye 0

Solve for dylan

ay day 22 11 2 11 5
Egn of tangent at 3,4

Mt date

1 44 16 3 9

3 44 25 0

Aʰ

2s 92 25 x2 4 1522



the Point 3,4 has yso
4 5 22so this lies on y JER

In Egf oo sE 25

3ns
1 E

they y Get

7
2x

je

mi less

More complicated than implicit diff
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Example 4.

1. Find y0 if x3 + y3 = 6xy.
2. Find the equation tangent to the given curve at the point (3, 3).

3. At what point in the first quadrant is the tangent line horizontal?

4. Find the equation of normal to the given curve at (3, 3).

Diff both sides of x y Guy wirt x

23 93 6 ay

3x day93 1g 6 Ilse Y a date

3x 392 dye 6 4 a dye

3m 3y dye 64 62dye

Solve Fr dylase.TW
342dya 62 dya 64 3x

dya 342 fx 64 3x

In 64 3x
392K 357

Equation of tangent at 3,3

Mt In y 3 1



133 1 y 3 2 3

x y 6 0

equation of nonmal at 3,3
Parp to tangent

MN my 1 Mnl 1 1

Mn

133 1 4 3 2 3 y x

or x y 0

1 3
For horizontal tangent 11g 0

3174 0 ay x

Point lies on y say
antary

24 12 y x

x x 6 21
2

x I 26 3 m

I 26 2 3 0 x x 2 0 23 0 or 8123 2

So either x 0 or 23 16 2 0 or 2 6

y 1m either y 0 or 6 2 E 3 5 8 3532
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Example 5.

1. Find y0 if sin(x + y) = y2
cos x � ⇡2

.

2. Find equation of tangent and normal lines to the given curve at (0, ⇡).

y
required Point 31T 3152

Diff both sides of Sin x g y cosse 172 w r t.se

sin x1 92cost IIonstant

I sin
II

since fu sinusdye
u x y sin xty Since Chain rule

da sin arty Cosa dug

Cos xy x y

os x y IyF
In 42cosse y loss 1,192 cosse

Tain rule

y sinx y 11 cosse
y sink 24cosse day Iii

we had
sin x1 y cosse H2

two
Cos ay I dye y sink 24 lose the



Solve for df

19 1 11 eine acute
Costaty dyn 24cosse dya y sinx cos ry

dya cos ay 2ycosse y sinx Cos xy
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Example 6. Find y00 if x4 + y4 = 16.

x y 16

Diff both sides writ 2

4 In 94 16

4 3 y4 11 0 423 493dya 0

43 dye 4 3 dye 4ft

Diff both sides w.vt.se 8

i f
431
327113149311

3233
23134711 ᵈ

341,532 31431 3221171 48,1
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Example 7. Find y00 if sin y + cos x = 1.

Diff both sides w.v.t.se

In sing lose Ill
sing 11 sink 0

cosy dye sinse 0

Sinx sink

Cosy dye sink 11

Diff both sides w.r.t.se

Eos

cosy.com
psinse y osy11f

Cosycosx sinx sing
y

is I



11 cotylosyspirnsings


