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Learning objectives:

1. How derivative can be used to approximate nonlinear functions by linear
functions.

2. Find errors and relative error in quantities.

Tangent line approximation
We can use the tangent line to approximate the curve y = f(x) when x is near a.

When x is near a, we have (approximately): 3 :?COLB f’ >
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is called the linear approximation or linearization of f at a.

The linear function

Example 1. Find the linearization of the function f(x) = Vx+3 ata = 1 and
use it to approximate the numbers Vv3.98 and V4.05. Are these approximations
overestimates or underestimates?
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Example 2. Find the linear approximations for f(x) = sin x and g(x) = cos x about
the point x = 0.
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Differentials

Differentials are variables that take infinitesimally small values. They are denoted
by putting d in front of symbols.

If y = f(x) and f 1s a differentiable functions, then the differential dx is an indepen-
dent variable and the differential dy depends on dx by the equation NG
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Example 3. Compare the values Ay and dy if y = f(x) = x> + x> = 2x+ 1 and x
changes

1. from 2 to 2.05, and
2. from 2 to 2.01.
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Example 4. The radius of a sphere is measured and found to be 21 cm with a
possible error in measurement of at most 0.05 cm. What is the maximum error in
volume if we use this value of radius to compute it.
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Relative error

. d
Relative error in a quantity y is given by _y.

d
Percentage (relative) error in a quantity y is given by Y 100 %.

Example 5. The relative error in the radius of a sphere is 0.0024%. Find the relative
error in the volume of the sphere if the same (erroneous) value of radius is used to
compute the volume.
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Example 6. The area of a circle was measured and it was found that the measured
value has a relative error of 1%. If we compute radius of the circle using this value
of area, what would be the relative error in the radius of the circle.
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