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Learning objectives:

1. Understand the definition of a definite integral.

2. Evaluating definite integral as limit of a sum.

3. Use areas to compute definite integrals.

4. Approximate definite integrals using the midpoint rule.

5. Learn the properties of definite integrals.

Definition of a definite integral
Let f be a function defined for a  x  b. Divide [a, b] into n subintervals of equal

width and choose sample points x⇤i on every subinterval. Then

Z b

a
f (x) dx = lim

n!1

nX

i=1

f (x⇤i )�x ,

provided the above limit exists.

If the above limit exists we say f is integrable on [a, b].

Theorem
If f is continuous on [a, b], or if f only a finite number of jump discontinuities, then

f is integrable on [a, b], that is, the definite integral

R b
a f (x) dx exists.

Theorem
If f is integrable on [a, b], then

Z b

a
f (x) dx = lim

n!1

nX

i=1

f (xi)�x .

where �x =
b � a

n
and xi = a + i�x.
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Properties of sums

nX

i=1

c = nc ,
nX

i=1

cai = c
nX

i=1

ai .

nX

i=1

(ai + bi) =

nX

i=1

ai +

nX

i=1

bi .

nX

i=1

(ai � bi) =

nX

i=1

ai �
nX

i=1

bi .

nX

i=1

i =
n(n + 1)

2
,

nX

i=1

i2 =
n(n + 1)(2n + 1)

6
,

nX

i=1

i3 =
n2

(n + 1)
2

4
.

Example 1. Evaluate

Z
3

0

(x3 � 6x) dx .
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Example 2. Set up an expression for

R
5

2
x4 dx as a limit of a sum.

Example 3. Evaluate the following integrals by interpreting each in terms of areas.

1.

Z
1

0

p
1 � x2 dx.

2.

Z
3

0

(x � 1) dx.

Lms21 ith 1 3 2 1 0 1 0 21

Steel 2,5 0 2 6 5 Are 522 3
x a i Ax 2 i 3 2 3 3

11
Stepa Sn x at 121

Steps a do Aims taxSn find 111
ftp sE 3i 2n

Examine

y JF y2 1 x a y

1 sa da area under the curve

4111from 0 to 1

area of a quarter of a circle

t area of circle T 17 I
Al y x 1

AB BC 2 2 2
it.it
diiiii

m

x Dda cadda pre 1 do
1 1



SP25 MATH-I 165 Lecture 4.2 The definite integral Page 4.

The Midpoint rule

Z b

a
f (x) dx = lim

n!1

nX

i=1

f (xi)�x = �x
�
f (x1) + f (x2) + · · · + f (xn)

�
,

where �x = b�a
n and xi =

1

2
(xi�1 + xi) is the midpoint of [xi�1, xi].

Example 4. Use the midpoint rule with n = 5 to approximate

R
2

1

1

x dx.
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Properties of definite integral

1.

Z b

a
c dx = c(b � a) , where c is any constant.

2.

Z a

b
f (x) dx = �

Z b

a
f (x) dx .

3.

Z b

a
c f (x) dx = c

Z b

a
f (x) dx .

4.

Z b

a

�
f (x) + g(x)

�
dx =

Z b

a
f (x) dx +

Z b

a
g(x) dx .

5.

Z b

a

�
f (x) � g(x)

�
dx =

Z b

a
f (x) dx �

Z b

a
g(x) dx .

6.

Z b

a
f (x) dx =

Z c

a
f (x) dx +

Z b

c
f (x) dx , for a < c < b.

7. If f (x) � 0 for a  x  b, then

Z b

a
f (x) dx � 0.

8. If f (x) � g(x) for a  x  b, then

Z b

a
f (x) dx �

Z b

a
g(x) dx.

9. If m  f (x)  M for a  x  b, then m(b � a) 
Z b

a
f (x) dx  M(b � a).

Example 5. Use the properties of integrals to evaluate

R
1

0
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Example 6. If

R
5

0
f (x) dx = 7 and

R
3

0
f (x) dx = 2, then find

R
5

3
f (x) dx.

Example 7. Use property 9 to estimate

R
4

1

p
x dx.

fix dx fixide fix doe Property6

7 2 fin dx

135 fonda 5

If m F M for 1 x 4

then m 4 1 Joe de M 4 1

want to find m M

fin Be flea tag 0 for 250

f is increasing

m f 1 M f 4 54 2
T 1

1 4 1 1 I do 2 4 1

3 Tedx 6


