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Learning objectives:

1. Learn the chain rule analog for integration: called the substitution rule.

2. Apply the substitution rule to evaluate integrals.

If F0 = f then by chain rule
⇥
F(g(x))

⇤0
= F0
�
g(x)
�
g0(x) = f

�
g(x)
�
g0(x).

Letting u = g(x) we get that the antiderivative of f
�
g(x)
�
g0(x) is given by F(u),

which is the antiderivative of f (u).

The substitution rule
If u = g(x) is a di↵erentiable function whose range is an interval I and f is contin-

uous on I, then Z
f
�
g(x)
�
g0(x) dx =

Z
f (u) du .

Example 1. Evaluate the integral

R
2x
p

x2 + 1 dx.

 

Substitute u gene It 9 in In glenda
Substitute U 241

dug 22 do 2k dx

I 2x da IF 2
11

JT du f u du

fu'd u c
3 U C

Eially

I 172 C



SP25 MATH-I 165 Lecture 4.5 The substitution rule Page 2.

Example 2. Evaluate

R
x2

cos(x4 + 2) dx.

Example 3. Evaluate

R p
2x + 1 dx.

m cos24 2 doe

dt2
5

11 4213 du 423 da du 23 dx

I x cos x 2da costly f
See Cosu I do teCosa du Cosadu

since C

Steel I I sin x 2 C

Steel 6 22 1

Steed day 2 du 2dm I do doe

I

VIII tu 2 du Tu du

Steps I Ju du u du

C C

Steel I 22 1 2 c
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Example 4. Evaluate

Z
xp

1 � 4x2

dx.

Example 5. Evaluate

R
cos 5x dx.

Steel U 1 Hx

Steed of 82 du 82 da fdusedx
I.lt m

ItF Iau
Sees f du Edu stuff c

18 2 C Ju C

Steel I fat C

Steel 4 52

Steps In 5 du 5 doe Idu doe

steps I coset11
cosa du

frosudu Since C

Steel I sin 52 C

In general

fflantb dx IffC
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Example 6. Evaluate

R p
1 + x2 x5 dx.

Example 7. Evaluate

R p
cot x csc

2 x dx.

Stef U Itse
Steel dye 2x do 22 da du ads
I III x

gg fJux Idu
Tpress

in terms of U
6 1 22 x 6 1 a 2 2 U 12

I feta u 1 2 du Tu 42 24 1 du

L u 2uʰ u do fu du 24 du Ifudu
U 11 12U C 1 U 24 uh c

5
111 1,1122 2 iea itd

Substitute U loth

day esche du csc x doe du Csca dx

I EE Ju du fu du
u C

10 2
2

c
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The substitution rule for definite integrals
If g0 is continuous on [a, b] and f is continuous on the range of u = g(x), then

Z b

a
f
�
g(x)
�
g0(x) dx =

Z g(b)

g(a)

f (u) du .

Example 8. Evaluate

R
1

0
cos(⇡t/2) dt.

Example 9. Evaluate

Z
2

1

dx
(3 � 5x)2

.

U g x a changes to gla and b changes to 9 b

Stef u Stepan E I du Idt

I 1
du at

Sep3 I cos

II 1 cosu F du
0

SEE cosa du cosu du since

sin sino 1 1 0

Alternffley a sine sin sino

Substitute 4 3 521 dye 5 du 5 doe

Idu doe

1 1 Esma Esau
3 552 7

3 sep
5 d 15 du
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Symmetry
Let f be continuous on [�a, a].

1. If f is even, then

R a
�a f (x) dx = 2

R a
0

f (x) dx.

2. If f is odd, then

R a
�a f (x) dx = 0.

I man

El

f x f x

toesare findda fix doe
offulder Ifcadu

x a
du dx A

fin dx f f u du foul du Fffa du

Itsuki Itemsarefindda 2 fix dx

f x fix following the samesteps as in

flada fim fadn ff a du finds

fluida 1 fer da

fca dx So findda 0
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Example 10. Evaluate the following integrals.

1.

R
2

�2
(x6 + 1) dx.

2.

Z
1

�1

tan x
1 + x2 + x4

dx.

1 doe

fix set 1 f x C a
6
1 set 1 f x

f is an even function

1 a 1 do 2 x 1 dx

2 x an 5 1 da

2 1 21 2

21 4 254 4 36.57 4 40.57

I.FI m n ts
Tanse
1 22 24

flat
fl all flat f is odd

1 IE m o


